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Abstract — We study the uplink of linear cellular models 
featuring short range inter-cell interference. This means, we 
study A'-transmitter/A'-receiver interference networks where the 
transmitters lie on a line and the receivers on a parallel line; 
each receiver opposite its corresponding transmitter. We assume 
short-range interference by which we mean that the signal sent 
by a given transmitter is only interfered either by the signal sent 
by its left neighbor (we refer to this setup as the asymmetric 
network) or by the signals sent by both its neighbors (we refer 
to this setup as the symmetric network). We assume that each 
transmitter has side-information consisting of the messages of 
the ti transmitters to its left and the tr transmitters to its right, 
and that each receiver can decode its message using the signals 
received at its own antenna, at the re receiving antennas to its left, 
and at the Vr receiving antennas to its right. We provide upper 
and lower bounds on the multiplexing gain of these networks, 
i.e., on the asymptotic logarithmic growth of the sum-capacity 
at high-SNR. For certain setups our upper and lower bounds 
coincide: for example for the asymmetric network. 

Our results exhibit an equivalence between the transmitter 
side-information parameters tc and tr and the receiver side- 
information parameters re and r,., and an equivalence between 
the left side-information parameters te and re and the right 
side-information parameters tr and fr. This holds also for the 
asymmetric network. 

I. Introduction 

We consider a large cellular mobile communication system 
where K cells are positioned on a linear array, and study the 
uplink of this system, i.e., the communication from the mobiles 
to the corresponding base stations in the cells. We assume 
short-range interference where the signal sent by the mobiles 
in a cell interfere only with the signals sent in the left adjacent 
cell and/or the right adjacent cell, depending on the position 
of the mobile within the cell. Our goal is to determine the 
throughput of such a cellular system at high signal-to-noise 
ratio (SNR). The high-SNR throughput of such a system does 
not depend on the number of mobiles in a cell (as long as this 
number is not 0), because in each cell there is only one base 
station. Therefore, we restrict attention to setups with only one 
mobile per cell. We particularly focus on two regular setups. 
The first setup exhibits asymmetric interference: each mobile 
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is located at the right boarder of its cell, and thus its signal 
interferes only with the signal sent in the cell to its right but not 
to its left. The second setup exhibits symmetric interference: 
each mobile lies in the center of its cell, and thus its signal 
interferes with the signals in the adjacent cells to its right and 
its left. The symmetric setup was introduced in |[T], ||2]. 

On a more abstract level, our communication scenario is 
described as follows: K transmitters wish to communicate 
independent messages to their K corresponding receivers, and 
it is assumed that these communications interfere. Moreover, 
the K transmitters are assumed to be located on a horizontal 
line, and the K receivers are assumed to lie on a parallel 
line, each receiver opposite its corresponding transmitter. We 
consider two specific networks. In the asymmetric network, 
each receiver observes a linear combination of the signals 
transmitted by its corresponding transmitter, the signal of 
the transmitter to its left, and additive white Gaussian noise 
(AWGN). See Figure [T] In the symmetric network, each 
receiver observes a linear combination of the signal trans- 
mitted by its corresponding transmitter, the two signals of 
the transmitter to its left and the transmitter to its right, 
and AWGN. See Figure |2] The symmetric network is also 
known as Wyner's linear model or the full Wyner model; the 
asymmetric network is known as the asymmetric Wyner model 
or the soft hand-off model. 
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In m J El the receivers were allowed to fully cooperate 
in their decoding, and thus the communication scenario was 
modeled as a multiple-access channel (MAC). In contrast. 



Receiver 5 



Yi Y2 Y3 ■■-..Yi Y5 Yg Y7 _..■' 



)r> ^r> ^r> ^r> ^r> ^r> ^n 



1 /"\ ^^-2 ,•'"'■, ^ 



3 .-"■, 



44 ,>\ 4 



X Js 



6 ,■' 



X ^ 



0000900 

Ml M2 -'-[Ms A/4 Afs A/g//-- A/7 

K ^7,ti^2, U ^\,ri,^ 1, and r,. = 2 

[ ) Transmitters Receive antennas (witli AWGN) 

Fig. 2. Symmetric network 



here we assume that each receiver has to decode its mes- 
sage individually, and therefore our communication scenario 
is modeled as an interference network. However, we still 
allow for partial cooperation between neighboring receivers 
as encountered in the uplink of cellular mobile systems where 
the neighboring basestations — because they can communicate 
over a backhaul — can cooperate in the form of clustered local 
decoding. That means, each receiver beside its own antenna 
has access also to the antennas of some of the receivers to its 
left and to its right. 

Similarly, we also want to allow for (partial) cooperation 
between the transmitters in the form of message cognition. 
That means, that each transmitter besides its own message is 
cognizant also of the messages of some transmitters to its left 
and to its right. Such a scenario could be envisioned in the 
uplink of cellular mobile systems where the mobiles can com- 
municate over bluetooth connections before communicating to 
their corresponding base stations. 

Notice that the described model represents a combination of 
the models in Q and fH. Also, clustered local processing is in 
a way a compromise between the joint (multi-cell) decoding 
in HIj lEl and the single (single-cell) decoding in JS), m. (See 
also lfT3l . lITSl . IIT6I . ifTTI for related scenarios.) More general 
interference networks with transmitter cooperation have been 
studied, e.g., in 0, HSl, QH, EO], E]. 

Our focus in this paper is on the high-SNR asymptotes of 
the sum-capacities of these networks. Formally, we present 
our results in terms of the multiplexing gain or the asymptotic 
multiplexing gain per user; the asymptotic multiplexing gain 
per user is defined as the multiplexing gain of a network 
divided by the number of transmitter/receiver pairs K in 
the asymptotic regime of large K. We present lower and 
upper bounds on the multiplexing gain and the asymptotic 
multiplexing gain per user for the two networks. 

For the asymmetric network our upper and lower bounds 
coincide, and thus yield the exact multiplexing gain and 



asymptotic multiplexing gain per user The results exhibit 
an equivalence between cooperation at the transmitters and 
cooperation at the receivers. Moreover, the asymptotic mul- 
tiplexing gain per user also exhibits an equivalence between 
the transmitters' information about their right-neighbors' mes- 
sages and their information about their left-neighbors' mes- 
sages. Similarly, they also exhibit, an equivalence between the 
receivers' information about the signals observed at their right- 
neighbors' antennas and their information about the signals 
observed at their left-neighbors' antennas. This result surprises 
in view of the asymmetry of the network. 

For the symmetric network our upper and lower bounds 
coincide only in some special cases. In these special cases the 
multiplexing gain — and thus also the asymptotic multiplexing 
gain per user — again exhibits an equivalence between cooper- 
ation at the transmitters and cooperation at the receivers. 

Our lower bounds are achieved by strategies that silence 
some of the transmitters and thereby split the network into 
non-interfering subnetworks that can be treated separately. 
Depending on the considered setup, a different scheme is 
then used for the transmission in the subnetworks. In some 
of the schemes part of the messages is transmitted using 
an interference cancellation scheme and the other part is 
transmitted using Costa's dirty-paper coding. (Costa's dirty 
paper coding can also be replaced by a simple precoding 
scheme as e.g., in i], see also Ig), Q, Qll, IHl-) In the 
other schemes the messages are transmitted using one of the 
following elementary bricks of multi-user information theory 
depending on the available side-information: an optimal multi- 
input/multi-output (MIMO) scheme, an optimal MIMO multi- 
access scheme, or an optimal MIMO broadcast scheme. 

Our upper bounds are derived with a technique based on the 
idea of extending Sato's multi-access channel (MAC) bound 
||9l to more general interference networks with cognitive trans- 
mitters and multi-antenna receivers having side-information 
(see also QOl, IH, [Si). In our technique this extended MAC 
bound is preceded by the following two steps. We first partition 
the K receivers into groups A and B, and within each group 
we allow the receivers to cooperate. Then, we let a genie 
reveal specific linear combinations of the noise sequences 
to the receivers in Group A. These linear combinations are 
such that whenever the receivers in Group A have decoded 
their intended messages correctly, jointly they can reconstruct 
the outputs observed at the receivers in Group B. Obviously, 
letting some of the receivers cooperate and revealing them 
genie-information can only increase the capacity region, and 
thus the multiplexing gain. For the resulting network (with 
K cognitive transmitters and 2 multi-antenna receivers having 
genie-information) we then apply the extended MAC bound. 
That means, we show that the capacity region of the resulting 
network is included in the capacity region of a MAC network 
consisting of the K transmitters and the single genie-aided 
multi-antenna receiver formed by the union of Group A re- 
ceivers which is required to decode all messages A/i, . . . , Mk, 
i.e., also the messages intended to the receivers in Group B. 
The upper bound is then concluded by upper bounding the 



multiplexing gain of this MAC network. 

The discussed technique is too weak to derive two of our 
upper bounds. However, the following slight modification of 
the technique suffices to derive the desired bounds. Instead 
of choosing the genie-information in a way that when the 
receivers in Group A can decode their intended messages 
correctly, then they can jointly reconstruct the outputs ob- 
served at the receivers in Group B, we choose the genie- 
information in a way that when all the receivers can decode 
their messages correctly, then the receivers in Group A can 
perfectly reconstruct the outputs observed at the receivers 
in Group B from their decoded messages, from the genie- 
information, and from their observed signals. Clearly, this new 
condition on the genie-information is weaker than the original 
condition. However, as we show, the condition is sufficient for 
the extended MAC bound to apply. 

We conclude this section with notation and an outline of 
the paper Throughout the paper log(-) denotes the natural 
logarithm, and the mod -operator denotes the rest in the 
Euclidean division. Random variables are denoted by upper 
case letters, their realizations by lower case letters. Vectors are 
denoted by bold letters: random vectors by upper case bold 
letters and deterministic vectors by lower case bold letters. 
Given a sequence of random variables Xi , . . . , X„ we denote 
by X" the tuple (Xi, . . . , Xn) and by X the n-dimensional 
column-vector {Xi, . . . , XnY . 

The paper is organized as follows. In Section HI] we describe 
the channel model and the results for the asymmetric network; 
in Section |III] the channel model and the results for the 
symmetric network. In the rest of the paper we prove our 
presented results: in Section |IV] the results for the asym- 
metric network; in Section |V] the achievability results for 
the symmetric network with symmetric side-information; in 
Section |Vl] the achievability results for the symmetric network 
with general side-information; and finally in Section IVIII the 
converse results for the symmetric network with general side- 
information parameters. 

II. Asymmetric Network 
A. Description of the Problem 

We consider a communication scenario with K transmit- 
ter/receiver pairs that are labeled from {!,..., A'}. The goal 
of the communication is that, for each k e {!,..., A'}, Trans- 
mitter k conveys Message I\Ik to Receiver k. The messages 
{Mk]f^i are assumed to be independent with Mk being 
uniformly distributed over the set A^^ = {1, . . . , [e"^*"]}, 
where n denotes the block-length of transmission and Rk the 
rate of transmission of Message Mk- 

In our setup, all the transmitters and the receivers are 
equipped with a single antenna and the channels are discrete- 
time and real-valued. Denoting the time-t channel input at 
Transmitter k G {1, . . . , A'} by Xk.t, the time-i channel output 
at Receiver fc's antenna can be expressed as: 



where for each k e {!,..., AT} the noise sequence {Nk.t] 
is an independent sequence of independent and identically 
distributed (i.i.d.) standard Gaussians; where the cross-gain 
ak is some given non-zero real number; and where to simplify 
notation we defined a;o,t to be deterministically for all times 
t. Thus, the communication of the fc-th transmitter/receiver 
pair is interfered only by the communication of the transmit- 
ter/receiver pair to its left; see Figure [T] 

It is assumed that each transmitter besides its own message 
is also cognizant of the i^ > previous messages and the tr > 
following messages. That means, for each k G {!,..., AT}, 
Transmitter k knows messages Mk-te, ■ ■ ■ , M^, ■ ■ ■ , Mk+tr-, 
where M-te+i, ■ ■ ■ , -^o and Mk+i, ■ ■ ■ , Mk+i^ are defined 
to be deterministically zero. Thus, Transmitter k can produce 
its sequence of channel inputs X"^ as 



^r = fk'\Mk-u. . . . , Mfe, . . . , Mfe+tJ, 



for some encoding function 

f\^\ Mk-ti X ■■■ xMk-x 
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k+tr 



(2) 



(3) 



The channel input sequences are subject to symmetric 
average block-power constraints, i.e., with probability 1 they 
have to satisfy 






xl,<P, fce{i, 



,K}. 



(4) 



Each receiver observes the signals received at its own 
antenna, at the ri > antennas to its left, and at the r^ > 
antennas to its right. Receiver fc, for k E {!,..., AT}, can 
thus produce its guess of Message Mk based on the output 
sequences F;!!.,, , 



.,yfc%^, i.e., as 

Mk^ipUYk-r,,...,Y^+r^\ 

for some decoding function 

Mk, 






^n{ri+rt + l) 



where Y'Z'r.+i 



,Y, 



K+r-r 



(5) 

(6) 
are assumed to 



,l^"andr^+i, 
be deterministically 0. 

The parameters ti,tr,ri,rr > are given positive integers. 
We call tg and ti the transmitter side -information parameters 
and r£ and r^ the receiver side-information parameters. Sim- 
ilarly, we call ti and ri the left side-information parameters 
and tr and r^ the right-side-information parameters. 

For the described setup we say that a rate-tuple 
{Ri, . . . ,Rk) is achievable if, as the block-length n tends 
to infinity, the average probability of error decays to 0, i.e.. 
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Xk.t + akXk-id + Nk,t, fc e {1, . . . , K}; 



(1) 



The closure of the set of all rate-tuples {Ri, . . . ,Rk) that 
are achievable is called the capacity region, which we de- 
note by C'^'*^™. To make the dependence on the number of 
transmitter/receiver pairs A', the side-information parameters 
ti,tr,rf,rr, and the power P explicit, we mostly write 
C^'^^'^\K,ti,tr,r(,rr; P). The sum-capacity is defined as the 



supremum of the sum-rate J2k=i ^*: '^^^^ ^^^ achievable tuples 
{Ri, . . . ,Rk) and is denoted by C-^^^"'{K,t£,tr,rg,rr;P)- 
Our main focus in this work is on the high-SNR asymptote of 
the sum-capacity which is characterized by the multiplexing 
gainu 



S^'^"'{K,t,,U, 



B. Results 
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Theorem 1. The multiplexing gain of the asymmetric model 
is 



S^'y"'iK,ti,tr,n,rr)^K- 
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(7) 



Proof: See Section IIV-AI for the achievability proof and 

Section IIV-BI for the converse. ■ 

SpeciaUzing Theorem [T] to the case ri = r^ = where each 

receiver has access only to its own receiving antenna, recovers 

the result in [3]. 

Remark 1. Notice that Expression Q depends only on the 
sum of the left side-information parameters ti and r^ and on 
the sum of the right side-information parameters t^ and r^. 
This shows an equivalence between cognition of messages at 
the transmitters and clustered local decoding at the receivers. 

Notice however that the left side-information parameters re 
and te do not play the same role as the right side-information 
parameters t^ and r^. In fact, left side-information can be 
more valuable (in terms of increasing the multiplexing gain) 
than right side-information. 

The difference in the roles of left and right side-information 
is only a boundary effect and vanishes when K — > oo, see 
Corollary Q] and Remark |2] 

As a corollary to Theorem [T] we can derive the asymptotic 
multiplexing gain per-user. 

Corollary 1. The asymptotic multiplexing gain per-user of the 
asymmetric network is given by 



S^y^{te,tr,re,rr) 



te + tr + re + Tr + 1 
te + tr + re + r,. + 2' 



(8) 



Remark 2. The asymptotic multiplexing gain per-user in ([8]l 
depends on the parameters te, t,., r^, and r^. only through their 
sum. Thus, in the considered setup the asymptotic multiplexing 
gain per-user only depends on the total amount of side- 
information at the transmitters and receivers and not on how 
the side-information is distributed. In particular, cognition of 
messages at the transmitters and clustered local decoding at 
the receivers are equally valuable, and — despite the asym- 
metry of the interference network — also left and right side- 
information are equally valuable. 

'The multiplexing gain is also referred to as the "high-SNR slope", "pre- 
log", or "degrees of freedom" 



III. Symmetric Network 

A. Description of the Problem 

The symmetric network is defined in the same way as the 
asymmetric network in Section HI] except that the channel law 
^ is replaced by 

Yk^t = Oik,eXk-i^t + Xk^t + ctk,rXk+id + Nk^t, 

k€{l,...,K}. (9) 

As for the asymmetric network, for each k e {1, . . . , K} the 
symbol Xk^t denotes Transmitter fc's channel input at time t; 
the symbols Xg.* and XK+i,t are deterministic ally zero; the 
cross-gains {ak.e, oik.,-} are given non-zero real numbers; and 
{-^fc,t}i<fc<_fs' are i.i.d. standard Gaussians. Thus, here, we 

l<t<n 

assume for simplicity that all the cross-gains are equal to a. 
This motivates the following definition of a channel matrix. 

Definition 1. For every positive integer p > 1 and real number 
a we define Hp{a) to be the p x p matrix with diagonal 
elements all equal to 1, elements above and below the diagonal 
equal to a, and all other elements equal to 0. 

The message cognition at the transmitters and the clus- 
tered local decoding at the receivers are modeled as for 
the asymmetric network. That means, the message cognition 
is described by the nonnegative integers te and i,, and the 
encoding rules in ^, and the clustered decoding is described 
by the nonnegative integers re and r^ and the decoding rules 
in©. 

The channel input sequences have to satisfy the power 
constraints (JUi. 

Achievable rates, channel capacity, sum-capacity, 
multiplexing-gain, and the asymptotic multiplexing gain per- 
user are defined analogously to Section HI] For this symmetric 
model and for a given positive integer K > 0, nonnegative 
integers te,tr,re,rr > 0, and power P > the capacity 
region is denoted by C^^'^{K,te,tr,re,rr; P), the sum- 
capacity by C-^'"{K,te,tr,re,rr; P), the multiplexing gain 
by S^^'"{K,te,tr,re,rr), and the asymptotic multiplexing 
gain per-user by SoS^{te, tr,re,rr)- 

B. Results 

We first present our results for symmetric side-information 
where 



te + re ^ tr + rr 



(10) 



followed by our results for general side-information parame- 
ters re,te,rr,tr > 0. We treat the special case with symmetric 
side-information separately, because for this case we have 
stronger results than for general side-information. 

1) Symmetric Side-Information: Throughout this subsection 
we assume that the parameters te,tr,re,rr satisfy (fTOl i. 

Theorem 2 (Symmetric Side-Information). Depending on the 

value of a and the parameters K, te,tr,re, rr, the multiplexing 
gain satisfies the following conditions. 



1) IfK<te + re + l: 

S^^"'{KM,tr,ri,rr)^K-5i, (11) 

where 5i equals 1, if dot {V\k{ol)) = and otherwise. 

2) If K>ti + rf + 2 and det {\^u+r,+i (")) 7^ 0; 



K- 


K 


-l<S^^^\KM,tr,r,,rr) 


_t( + re + 2_ 


<K- 


K 


■ (12) 


_tt + rt + 2 


3) If K > U +n + 2; det(Ht,+,,+i(a)) ^ 0; and 


det {Ht,+rt{a)) 7^ 0, then 


S^y"'{K,ti,,tr,re,rr) = K - 


K 


. (13) 


te + re + 2_ 



(This third case is a special case of the second case. 
It is interesting because almost all values of a lead to 
this case and because for this case we can improve the 
lower bound in (112b to meet the upper bound.) 
4) If K > te + re + 2 and det {Ht,+re+i (a)) = 0: 



K 



■re 



1 



< K-2 



K 



2{te 



re) 



-S3, 

(14) 

where S3 equals 1 if {K mod (2(i£ + r^) + 3)) > {te + 
re + \) and otherwise. 

Proof: The achievability results are proved in Section |V] 
The converse in (fTTT i can be proved by first allowing all the 
transmitters to coopeate and all the receivers to cooperate, 
and then using the well-known expression for the capacity 
of the multi-antenna Gaussian point-to-point channel. The 
converse to (fT2l i follows by specializing Upper bound (fTsT l in 
Proposition |3] ahead to te+ri = tr+rr- Similarly, the converse 
to ( fT4b follows by specializing either (fT9] l to te + ri = tr + rr- 

■ 

Remark 3. We observe that the multiplexing gain only de- 
pends on the sum of the side-information parameters (te + re). 
(Or equivalently on the sums (tr + rr) or {te + tr + ''£ + ^r)-j 
Thus, we see that message cognition at the transmitters and 
clustered local decoding at the receivers are equivalent in 
terms of increasing the multiplexing gain. 

The following corollary is obtained from Theorem |2] by 
letting K tend to 00. 

Corollary 2. If dei{V\ti+ri+i) 7^ 0, then the asymptotic 
multiplexing gain per-user is given by 

te + re + 2 
Otherwise, it is smaller and satisfies 

te + re ^ oSvm/^ ^ n ^ ^^ + ^^ + 5 

< S^"'{te,tr,re,rr) < ^ -^. 

1 te + re + ^ 



Remark 4. When det (Ht^+rf+i) 7^ 0, then to obtain the 
same asymptotic multiplexing-gain per-user in this symmetric 
network as in the asymmetric network before, we need double 
the "amount" of side-information te + tr + re + rr. 

Remark 5. From Theorem \2\ we see that for certain (few) 
values of a ^ the asymptotic multiplexing gain per user 
drops. 

Example 1. Consider a symmetric network with symmetric 
side-information re + te ^ rr + tr = 2. Let K be 7. Then, if 
a ^ {— v2/2, ^2/2}, by Theorem^ the multiplexing gain is 
6, and in contrast, if a G {— •\/2/2, v2/2} the multiplexing 
gain is only 5. 

By Corollary\2\the asymptotic multiplexing gain per-user is 
3/4, if a ^ {- V^/2, \/2/2}, but it is at most 5/7 (which is 
smaller than 3/4) if a G {-V2/2, \/2/2}. 

Notice however, that even though the multiplexing gain is 
discontinuous at certain values of a, this does not imply that 
for fixed powers P also the sum-rate capacity of the network 
is discontinuous in a. 

We conclude this section with a result on the high-SNR 
power-offset which is defined as 



C^riK,te,tr,re,rr) 

/^Sym 



lim 



V 2 



log{P)~Cr{K, 



Sym / 



■,P) 



Proposition 1 (Symmetric Side-Information). Assume U0\) . 
Let a* be such that det (Hrf+tj+i(a*)) = 0. Also, let K = 
q{re+te-\-2) — l for some positive integer q. Then, there exist 
a function Cq, bounded in the neighborhood of ao such that 
for all a sufficiently close to a* : 



C^y"'{KM,tr,re,rr) >-i^log|( 

where v is the multiplicity of 

det(H^,+t,+i(X)) 



co(a*), 



root of 



In other words, when a approaches the critical value a* , 
the power offset goes to infinity. 

Proof: See Appendix ID] ■ 
2) Results for General Parameters te,tr,re,rr > 0." 

Proposition 2. The multiplexing gain of the symmetric net- 
work with general side-information parameters satisfies the 
following four lower bounds. 
I) It is lower bounded by: 

K 



S''y"'iK,te,tr,re,rr)>K-2 



te + tr + re + rr 



(15) 



where 61 equals if ki ~ K mod {ti + tr + re + rr) = 
0, it equals 1 if ki ^ 1, and it equals 2 if ki > 2. 
2) Moreover, irrespective of the right side-information tr 
and rr: 



S''y'^{K,te,tr,re,rr)>K-2 



■ re ■ 



K 



te + re + 1 



02- 

(16) 



where 62 equals if K2 ^ K mod (ti + rg + 1) ~ 0, 
it equals 1 if k,2 = 1, and it equals 2 if K2 > 2. 

3) The lower bound (II6I 1 in\2} remains valid if on the right- 
hand side of (II6I 1 we replace the parameters ti and rg 
by tr and rr- 

4) Finally, irrespective of the transmitter side-information 
ti and tr-' 



S^^'^{KM.tr,n,rr)>K 



K 



ri + rt+?, 



-O3; 
(17) 



where 63 equals if K3 = K mod {ti + r^ + 3) equals 
0, it equals 1 if K3 ^ 1, and it equals 2 if k^ > 2. 

Proof: See Section |VT] ■ 

The lower bound in |2]i is useful only when tj. = Vr = 0, 
the lower bound in |3j only when tg = tr = 0, and the bound 
in m only when t( + tr < 2. 

Proposition 3. The multiplexing gain is upper bounded by the 
following three upper bounds. 
I) It is upper bounded by: 

S^^"'{K,tt,tr,n,rr) 

K 



< K-2 



(18) 



+ tr + r£ + r,. + 4_ 

where 64 equals 1 if the rest of K divided by {ti + tr + 
rt + Tr + 4) is at least minji^ -\- rg -\- 2,tr + rr -\- 2}, 
and 64 equals otherwise. 
2) Moreover, if dct {Hrg+tg+i) (a) ~ 0: 

S^^"'{K,ti,tr,n,rr) 

< K-2 



K 



+ tr +ri + Tr +i 



(19) 



where 6^ equals 1 if the rest of K divided by {ti + tr + 
fi + rr + 3) is at least Vr + tr + I, and 9^ equals 
otherwise. 
3) The upper bound in^ holds also if everywhere (except 
for 5^^™(A', t£, tr, r£, rr)) one exchanges the subscripts 
£ and r. 



Proof: See Section |VlIl ■ 

From Propositions |2] and |3] we obtain the following corol- 
lary. 

Corollary 3. Irrespective of the parameter a, the asymptotic 
multiplexing gain per-user satisfies 

r^ + r^ + 1 ti + tr + rg + rr — 2 



max , , 

r^ + 3 ti + tr + r( + rr 

< S%"'{t,,tr,r,,rr) 

ti + tr + rt + rr + 2 

~ te + tr + rt+rr + ^ 

IV. Proof of Theorem[T] 

A. Direct Part of Theorem Q] 

We derive a lower bound by giving an appropriate coding 
scheme based on silencing certain transmitters, on Costa's 



dirty-paper coding, and on successive interference cancella 
tion. We silence 7 transmitters, where 

K-tg-rg-l 



7 



• -\-tr -\-ri-\-rr + 2 



(20) 



and let the remaining (A' — 7) transmitters send their messages 
at rates ^ log(l + P) or i log(l + a^P). Such a scheme 
achieves the claimed multiplexing gain. 

Before explaining which transmitters are silenced, we define 



l3^tt + tr + r( + rr + 2, 
K^{K mod /3). 



(21) 
(22) 



We silence Transmitters j/S, for j E {1, . . . , [K/P]}; more- 
over, if g > (rg +tg + l) we also silence Transmitter K. This 
splits the network into \K/f3~\ non-interfering subnets (sub- 
networks). The first [K/f3\ subnets all have the same topology. 
They consist of {tg + tr + rg + ?> + 1) active transmitting 
antennas and (i^ + tr + r^ + rr +2) receiving antennas. We 
refer to these subnets as generic subnets. If K is not a multiple 
of /?, there is an additional last subnet with 

{K active transmitting antennas, if k < (t^ + r^ + 1), 

(k — 1) active transmitting antennas, if k > [tg + re + 1), 

and with k receiving antennas. We refer to such a subnet as a 
reduced subnet. 

As we shall see, in our scheme each transmitter ignores its 
side-information about the messages pertaining to transmitters 
in other subnets. Likewise, each receiver ignores its side- 
information about the outputs of antennas belonging to subnets 
other than its own. Therefore, we can describe our scheme for 
each subnet separately. 

We first describe our scheme for a generic subnet. For 
simplicity, we assume that the parameters K,te,tr,re,rr are 
such that the first subnet is generic and describe the scheme 
for the first subnet. Moreover, we assume that r^ > 0. The 
case where r^ = is treated later on. 

In this case, in the first subnet, we wish to transmit Messages 
Ml, . . . , Mti,+tr+ri+r,^+i- Define the sets (some of which may 
be empty) 

gi^{l,...,re + l} 

Q2 = {re. + 2, . . . , ?■£ + t£ + 1} 

^3 = {r£ + tc + 2, . . . , r£ + t£ + t^ + 1} 

^4 = {re + te+tr^2,...,re + te + tr^' rr + 1} 

Messages 1, ...,?■£ + 1 are transmitted as follows. 

* Transmitters 1 , . . . , r£ + 1 ignore the interference and 
code for a Gaussian single-user channel. That is, for each 
k G Gi, Transmitter k encodes its message AI^. using a 
Gaussian codebook of power P|3 

• Receiver 1 decodes Message A/i based on the 
interference-free outputs Yi. 

^In order to satisfy the block-power constraints imposed on tlie input 
sequences, the power of these Gaussian codebooks should be chosen slightly 
smaller than P. However, this is a technicality which we ignore for readability. 



If Tf > 0, Receiver 2 first decodes Message Mi also 
based on Yi. Then, it reconstructs Xi (which is a func- 
tion of Ml only), and subtracts a times its reconstruction 
from the output sequence 1^2 ■ It finally decodes Message 
M2 based on this difference. We refer to such a procedure 
as successive interference cancellation. 
More generally, for each fc G ^1, Receiver k uses suc- 
cessive interference cancellation to first decode Message 
Ml, followed by Message i\/2, etc. up to Message Mk- 

• Notice that, for each fc G C^i, if the previous messages 
Mi,...,Mj.„i were decoded correctly, then Message 
Mj. can be decoded based on the interference-free signal 
Xk + Nk, where N^ = (iVfc,i, . . . , ^fc,„). Thus, in 
the proposed scheme. Messages Afi, . . . , Mn+i can be 
communicated with arbitrary small average probability of 
error at rates _Ri = . . . = -Rr^+i = \ log(l + P). 

If tf, > 1, Messages [ri + 2), . . . , (r^ + i^ + 1) are transmitted 
as follows. 

• For each k e Q2, Transmitter k can use its side- 
information to compute the interference term aXk~i- 
Indeed, as we shall see shortly, in our scheme the 
input sequence Xfc_i depends only on messages 
Mri+i, . . . , Mk-1, and these messages are known also 
to Transmitter k, because (fc — (r^ + 1)) < ti for all 

keg2. 

• For each k G G2, Transmitter k uses a dirty-paper code 
of power P and rate Rk = ^log(l + P) to transmit 
its message Mk and mitigate the interference aXk-i 
experienced at the antenna of Receiver fc|j 

• For each k E Q2, Receiver k decodes Message Mk ap- 
plying dirty-paper decoding based on the output sequence 
Yk. 

If tr > 1, Messages {re + te + 2), . . . ,{ri + te + tr + 1) are 
transmitted as follows. 

• For each k e Q^, Transmitter k can use its side- 
information to compute the signal sent by its right 
neighbor X^+i- Indeed, as we shall see shortly, in our 
scheme the transmitted sequence X^+i depends only on 
messages Mk+i, ■ ■ ■ , Mri.+ti.+tr+2, and these messages 
are known to Transmitter k because ((r^ + tc + tr + 2) — 
k) < U, for all k e ^3. 

• For each k E Q^, Transmitter k uses a dirty-paper code 
of power a^P and rate Rk = ^ log(l + a^P) to encode 
its message Mk and mitigate the "interference" Xk+i 
experienced at the antenna of Receiver (fc + 1). Denoting 
the resulting dirty-paper sequence by Xk, Transmitter k 
sends the scaled sequence Xk = —Xk over the channel. 
The scaling reverses the amplification by a the sequence 
Xk experiences on its path to Receiver (fc + 1). 

Since the sequence Xk is average block-power con- 
strained to (a^P), the transmitted sequence Xk is av- 
erage block-power constrained to P. 



Alternatively, also the simpler partial interference cancellation scheme in 
(8) could be used instead of the dirty-paper coding. 



• Recall that by our assumption ri > 1, for each k E Q3, 
Receiver k has access to the antenna of Receiver (fc + 
1). Therefore, Receiver k can use dirty -paper decoding 
to decode Message Mk based on the output sequence 

Yk+i = Xk+i + aXk + Nk+i, which in our scheme 
is given by Xk+i +Xk + Nk+i- 

Messages (r^ + i^ + 1,. + 2), . . . , (r^ +ti+ 1.,, + r^ + 1) are 
transmitted as follows. 

> For each k G G4, Transmitter k encodes its message 
Mk as for an interference-free, single-user channel using 
Gaussian codebooks of power P. 

m For each k G G4, Receiver k applies successive in- 
terference cancellation, but starting with the last out- 
put sequence Yri+ti,+tr.+r,^+2 and the last Message 

More precisely. Receiver (r^ + i^ + i,- + r^ + 1) decodes 

Message Mri,+ti+u+r,^+i based on Yri,+te+u+r^+2- 

Notice that Yri+tt+t^+r^+2 = aXr^+tf+t^+r. + l + 

7Vr^+tj,4_t^+rr+2, because we have silenced Transmit- 
ter \re + te + tr + r.^ + 2). 

If Tr > 2, Receiver (r^ + tg + U + ?>) first de- 
codes Message Mti,+tr+ri+rr+i based on the out- 
put sequence Yri+ti+tr+rr+2, then it reconstructs 
Xre+te+u+rr+i, and Subtracts it from Yn+te+tr+rr+i- 
Based on the resulting difference, it then decodes Mes- 
sage Mri>+tt+tr+rr- 

In general, for each k G G4, Receiver k repeatedly 
applies the described successive interference cancella- 
tion procedure and decodes messages Mrg+te+tr+rr+i, 



M 



rt+ti+t. 



.+rr' etc., up to Mk- 



For each k 



M 



re+te+tr+r,^ + l, ■ ■ 



Q4, if the previous messages 
, Mk+i were decoded correctly. 



Message Mk can be decoded based on the interference- 
free, but attenuated, signal aXk + Nk+i- Therefore, 
for each k G G4, Message Mk can be transmitted with 
arbitrary small average probability of error at a rate 
ilog(l + a2p). 

This coding scheme achieves a multiplexing gain of {te + tr + 
re + Tr + 1) over a generic subnet when r^ > 0. 

We now treat the case when r,. = 0. The scheme is 
very similar to the case when r^ > 0, except for the 
following changes. We again assume that the first subnet is 
generic and focus on this first subnet. Instead of transmit- 
ting Messages A/i, . . . , Mtg+tr+ri+rr+i as in the case when 
rr = 0, we now transmit Messages Mi, . . . ,Mrg+te+i and 
Mri+ti+s, • • • , Mt);+t^+ri.+2 over this first subnet. Messages 
Ml, . . . , Mri+tt+i are transmitted as before. In contrast. Mes- 
sages Mri+ti+Si • ■ • , Mtj,+tr+ri+2 are transmitted differently. 
If tr > 0, Messages M^.+t.+a, . . . , Mtg+t^+re+2 are trans- 
mitted as follows. 

> For each k G ^^3, Transmitter k can use its 
side-information to compute the interference term 
Xk+i- Indeed, as seen shortly, in our scheme the 
input sequence Xk+i depends only on messages 
Mfc+2, . . . , Mrg-\-te+tr+2, and these messages are known 



also to Transmitter k, because {{re+te + tr + l) — k) < tr 
for all k G Qs. 

• For each k £ Q^, Transmitter k uses a dirty -paper code 
of power P and rate -Rfe+i = ^ log(l + a^P) to transmit 
Message M^+i and mitigate the "interference" X^+i 
experienced at the antenna of Receiver (fc + 1). 

• For each k E Q3, Receiver (fc + 1) decodes Message 
Mk+i applying dirty-paper decoding based on the output 
sequence l^fe+i. 

This scheme achieves a multiplexing gain (i^+i,. + r£ + rr + l) 
over a generic subnet when r^ = 0. Combining the two 
schemes we conclude that we can always achieve a multi- 
plexing gain (t£ + U + re + r,. + 1) over a generic subnet. 

Remark 6. Notice that generally the two schemes for generic 
subnets described above exploit the fact that the signal sent 
at the last transmitting antenna is observed interference-free 
at the last receiving antenna in the subnet. This stems from 
the fact that the subnet consists of one more receiving an- 
tenna than transmitting antenna. However, when the schemes 
are specialized to a setting without right side-information 
Tr ~ tr ^ 0, then they coincide and they do not use the 
last receiving antenna in the subnet. Thus, our scheme can 
achieve a multiplexing gain of {te + ri + 1) on an isolated 
subnet with {ri + tg + 1) transmit and receive antennas. 

We next describe our scheme for a reduced subnet. Recall 
that this subnet consists of k active transmitting antennas 
and K receiving antennas, if k < (i^ + r^ + 1), and of 
K — 1 active transmitting antennas and k receiving antennas, 
if K > (if + rg + 1). Thus, if k > (if + r^ + 1), then we 
can use the same scheme over a reduced subnet as over the 
generic subnet, when instead of the original side-information 
parameters ti,tr,ri,rr, the following parameters T'g,t'g,t'r,rr 
are used: 



r'l = miii[(K - 1) ,ri] 



lin [(/ 



rt 



,te] 



t[. = mill [{k -ri-ti- 2)^ , i,.] 

r', = min [{k - ri - ti - i,. - 2)^ , r^] , 



(23a) 
(23b) 
(23c) 
(23d) 



where (a;)-|- is defined as max{a;, 0}. This scheme achieves 
a multiplexing gain of k — 1 over the reduced subnet. By 
Remark |6] the same scheme also achieves a multiplexing gain 
of K over the reduced subnet if k < {tg + rg + 1). 

We can hence conclude that over the entire network our 
scheme achieves a multiplexing gain of K — -f, which proves 
the desired lower bound. 

Remark 7. In the described scheme a subset of 7 messages 
is completely ignored and not sent over the network. The 
described scheme is, however, easily changed to a scheme 
achieving a multiplexing gain of at least X — 7 — 1 and 
where all the messages are sent at positive and almost equal 
rates. The idea is to time-share j3 schemes that are similar 
to the scheme described above. In each of these schemes a 
different set of transmitters is silenced. In the i-th scheme. 



i G {!,..., /3}, transmitters {i + j/^loc/i 1 k-j i i are 
silenced, and if [K mod /3) > (i + if + r^ + 1), then also the 
last transmitter K is silenced. This splits the network into 7 
or 7 + 1 subnets: a possibly reduced first subnet, 7 — 20^7 — ! 
generic subnets, and a possibly reduced last subnet. In each 
of the subnets, depending on whether it is generic or reduced, 
one of the above described schemes is used for transmission. 

B. Converse to Theorem\l\ 

If the parameter 7 as defined in ( l20b equals 0, then the 
desired upper bound follows directly from the Maximum- 
Entropy Theorem [1 IJ. We therefore restrict attention to setups 
where K,te,tr,rg,rr are such that 7 > 1. 

To prove our desired upper bound we introduce 
a Cognitive MAC Network, whose capacity region 
CMAc{K,te,tr,rg,rr;P) satisfies 

CiK,ti,U,re,rr;P)CCMAc{K,ti,tr,n,rr]P), (24) 

and whose multiplexing gain SMAc{K,te,tr,rg,rr) satisfies 

SuAciK, if, U, ri, rr) < A' - 7. (25) 

This obviously establishes the desired proof. 

In the following we describe the construction of the Cogni- 
tive MAC Network (Subsections IIV-B lMIV^¥3] ) followed by a 
proof of the upper bounds (iMt and (IZSl l (Subsection IIV-B4b . 
The Cognitive MAC Network is obtained in three steps; 
The original network is first enhanced to a Rx-Cooperative 
Network, which is then further enhanced to a Genie-Aided 
Network, and this latter network is finally modified to a 
Cognitive MAC Network. These three construction steps are 
explained in the following Subsections IIV-B H - irV-B3l 

1) Rx-Cooperative Network: The Rx-Cooperative Network 
is defined as the original network described in Section III-AI 
with the following enhancement. We partition the set of 
receivers into Group A and Group B, as described shortly, 
and let all receivers within a group cooperate. Group A is 
defined as the set of all Receivers fc, for which k lies in 
-4 - Ul=\) -^m, where 



J\r] 



{(7-l)/3 + rf + 2,...,/0 



7-1 



y{mfi + rt + 2,...,{m + l)l3-rr} to < 7 - 1, 

and where recall that /3 is defined as [ti + i,. + rf + r^ + 2). 
Group B consists of all other receivers, i.e., it includes each 
Receiver fc, for which keB= ({1, ...,K}\A). 

Remark 8. The set Aj-i has at least {ti + 1) and at most 
(P + ti) elements. 

Remark 9. The union of receivers in Group A observes all 
output sequences, except for output sequences {Yi^mfs}^^o- 

2) Genie-Aided Network: The Genie-Aided Network is 
defined as the Rx-Cooperative Network with the following 
enhancement. It is assumed that a genie reveals to the receivers 
in Group A the sequences Vq, . . . , V^_i, where 

ti+re + l 



Vo = Ni 



E 

1^=1 



1 



Ni+,, 



and, for m G {1, . . . , 7 — 1}: 

ti+re + l 






l+mP+v 



U+r,. 



y^ {-a)" Ni+m)3-i^- 



Remark 10. The genie information Va, . . . ,V-y-i is such 
that, for given encoding functions fi , . . . , /]^ as in (O, (i.e., 
for encoding functions exploiting the cognition at the transmit- 
ters) the output sequences observed at the receivers in Group B 
can be reconstructed from the messages {Mfcjfcg^ intended 
to the receivers in Group A, the output sequences observed at 
the receivers in Group A, and the genie information. 

Proof: By Remark |9] it suffices to show tiiat the output 
sequences {Y i+mi3}Z^=o '^^^ ^le perfectly reconstructed from 
the messages {Mk]ki^A, all other channel output sequences, 
and the genie information. 

We first notice that by the definition of the set A 
and by Remark |8] the set {Mfe}fcg_4 includes messages 
{Mrt+2+v+rap}Q<y<t(+u, whcrc out of range indices should 

0<m<7-l 

be ignored. Thus, based on the messages {Mk]keA the input 
sequences {Xtj,+rf+2+m;3}7nLo' '-^'^ ^^ reconstructed as: 



Xri+tc+2+7nl3 
_ f(") 



Jr, 



l+ti+2+mP 



{Mr, 



+2+ml3, 



■ ,Mrf+te+tr.+2+ml3)- 



Using these reconstructed input sequences, based on the output 
sequences observed at the receivers in Group A, and based 
on the genie-information {Vm}Z^=o ^^ i^ '^^en possible to 
reconstruct the channel outputs {^i+m,3}7nLo ^^ follows: 



Yi 



te+rg + l 

E 

1 



Yi+i, 



tii+re + l 



Xte+ri+2 + ^0 



and, for rn S {1, . . . , 7 — 1}, 



te +ri + 1 , 1 \ I' r^+tr 

= - 2^ ( ) ^l+m/3+i/ - 2^ {-Olf Y x+ra^-v 

v=\ ^ ^' v=l 

ti+re + 1 

Xti,+ri+2+mli 



1 



— ( — a) "■ "■ Xt,+ri+2+(m-l)l3 + Vm- ■ 

3) Cognitive MAC Network: The Cognitive MAC Network 
is obtained from the Genie-Aided Network by eliminating the 
receivers in Group B and by requiring that the receivers in 
Group A decode all the messages A/i,...,M/^. Since the 
receivers in Group A can cooperate and the transmitters are 
unchanged compared to the original network, the Cognitive 
MAC Network is indeed a MAC with cognitive transmitters. In 
the following, we shall refer to the union of Group A receivers 
as the Group A receiver. 



4) Analysis: As previously outlined, the desired upper 
bound on S{K,t(,tr,ri,rr) follows by Inclusion jTM and 
Upper Bound ^. We first prove (El), followed by (|25) 
(Lemma |2] ahead). 

Towards proving (|24] |. we notice that cooperation and genie- 
information at the receivers can only increase the capacity re- 
gion. Thus, denoting the capacity region of the Rx-Cooperative 
Network by Ccoop(^''^, t£,tr,rg,rr; P) and the capacity region 
of the Genie- Aided Network by Cceniel^''^, t£,tr,ri,rr; P), we 
have 

C{K, ti, tr, n, Tr] P) C Ccoop(^, *«, U, Ti, Tr] P) 
C CGenie(A', ti,tr,ri,rr;P). 

Combined with the following Lemma [T] this establishes JTM . 

Lemma 1. The capacity region of the Genie-Aided Network is 
included in the capacity region of the Cognitive MAC Network: 

CcenieiK, ti, U, rt, r^; P) C CuAciK, if, U, n, r^; P). 

Proof: Follows by proving that every coding scheme 
for the Genie-Aided Network can be modified to a coding 
scheme for the Cognitive MAC Network such that whenever 
the original scheme is successful (i.e, all messages are decoded 
correctly), then so is the modified scheme. 

This can be seen as follows. Given a coding scheme for 
the Genie-Aided Network, we propose the following coding 
scheme for the Cognitive MAC Network. We assume that the 
transmitters of the Cognitive MAC Network apply the same 
encodings as in the original scheme. The only receiver, i.e., the 
Group A receiver, decodes its desired messages Mi , . . . , Mk 
according to the following three steps: I.) it first decodes 
Messages {Mk}keA as in the given original scheme; 2.) it then 
attempts to reconstruct the channel output sequences observed 
by the receivers in Group B in the Genie-Aided Network; 
and 3.) based on these reconstructions, it finally decodes 
the remaining messages in the same way as the receivers 
in Group B did in the original scheme. By Remark [TO] 
the Group A receiver can perfectly reconstruct the output 
sequences observed at the Group B receivers, whenever it 
decoded Messages {Mk}keA correctly. Thus, the additional 
reconstruction step in the modified scheme does not introduce 
additional error events compared to the original scheme. ■ 

Lemma 2. The multiplexing gain of the Cognitive MAC 
Network satisfies 

Smac{K, te, tr, re, r^) < A' - 7. 

Proof: Let ai,...,a|^| denote the elements of the set 
A. Since the Group A receiver is required to decode all K 
messages Mi, . . . ,Mk, by Fano's inequality, reliable com- 



munication is possible only if 

K 

Y, Rk < I{Ya,,. . . , Fa,^, , Vo, . . . , y^-i; Ml, . . . , Mk) 
fc=l 

= /(l^ai,. . . ,^,1^,; Afi, . . .,Mk\Vo,.. . , V^-i) 

+IiVo,...,V^-,;Mi,...,MK) 

= I{Ya, , . . . , r,|^| ; Afi, . . . , MkIFo, • • • , V^7-i) 

-/i(Ar„,,...,Ar,|^jy„,...,v^_i) 

<(K-7)ilog(l + P(l + a)2) 

where the first equality follows by the chain rule of mutual 
information; the second equality follows by the independence 
of the noise sequences and the messages; the second inequality 
follows because conditioning reduces differential entropy; and 
the last inequality follows by the max-entropy theorem. 

The differential entropy h{Nai ,-■■, Na^^^ | Vo, • • ■ , 1^7-1) 
depends only on a but not on P. Moreover, it 
is finite (and thus bounded), because the tuple 
(iV„^,...,iV„i^i,yo,---, V'^-i) is jointly Gaussian 
with nonsingular covariance matrix. Therefore, whenever we 
have reliable communication. 



^K 



P^oo ilog(P) - " 

which concludes the proof of the lemma. 



(26) 



V. ACHIEVABILITY PROOF OF THEOREm[2] 

For each of the four lower bounds [D-H) in Theorem |2] 
i.e.. Inequalities (fTTl i- (fT4l i. we present a scheme achieving this 
lower bound. The four schemes are very similar They all rely 
on the idea of switching off some of the transmitter/receiver 
pairs, and on using the strategies described in Section lV-Al over 
the resulting subnets. (Here, by silencing transmitter/receiver 
pairs we intend that we silence the antennas at the transmitters 
and ignore the corresponding antennas at the receivers. This 
splits the networks into non-interfering subnets.) However, 
our four schemes differ in that in each scheme we silence 
a different set of transmitter/receiver pairs. 

We first describe the strategies used to communicate over 
the subnets (Section [V- Al l. Then, we present the set of trans- 
mitter/receiver pairs that needs to be silenced in each of the 
four schemes, so that they achieve the lower bounds in [TJ-H) 
(Sections EOEB- 

A. Scheme used in Subnets 

Since in our four schemes we silence certain transmitters 
and ignore the antennas at the corresponding receivers, in 
all of the resulting subnets there are as many transmitters 
as receivers. As we shall see, moreover, in our schemes we 
silence transmitter/receiver pairs in a way that the resulting 
subnets have at most te + re + 1 transmitter/receiver pairs. 



Let K be the number of transmitter/receiver pairs in a subnet. 
Then k < t( + rg + 1. We first assume that 



K ~ t( + re + 1, 



(27) 



and present a coding scheme that achieves a multiplexing 
gain of rank(H„(Q!)) under this assumption. Then we describe 
how to modify this scheme to achieve a multiplexing gain of 
rank(HK(a)) when k < te + re + 1. 

To describe our coding scheme, we assume that the subnet 
consists of transmitter/receiver pairs 1, . . . , k, and distinguish 
three cases. 

1.) The transmitters and the receivers have equally much 
side-information: 



re + rr 



+ tr. 



(28) 



2.) The transmitters have more side-information than the 
receivers: 

te + tr> re + rr- (29) 

3.) The receivers have more side-information than the trans- 
mitters: 

re +rr < re +tr. (30) 

In the first case, we use a Multi-Input/Multi-Output (MIMO) 
point-to-point scheme, in the second case a MIMO broadcast 
scheme, and in the third case a MIMO multi-access scheme. 
We first describe the MIMO point-to-point scheme for case 
1.). In this case ( fTOl i and ( |28] ) imply that 



and tr ~ re- 



(31) 



Therefore all k transmitters are cognizant of Message Mt^.+i 
and Receiver (t,.+l) has access to all k = (t^+r^+l) antennas 
in the network. Thus, all the transmitters can act as a single 
transmitter that transmits Message A/f,,+i to Receiver (t,. + 1) 
which can decode the Message based on all the antennas in the 
network. Using an optimal MIMO point-to-point scheme for 
this transmission achieves a multiplexing gain of rank(HK(a)). 
We next describe the MIMO broadcast scheme for case 2.). 
Notice that ^^ and (|29ll imply that 



re < U 



(32) 



By ( [Tol l all the transmitters are cognizant of Messages 
{A/,.j+i, . . . , Mt^+i} and Receivers (re + 1), . . . , (t^ + 1) 
jointly have access to all the k = {te + re + 1) an- 
tennas in the network. In our scheme all the transmitters 
act as a big common transmitter that transmits Messages 
{Alr^+i, . . . , Mt^+i}- In contrast. Receivers (r^+l), . . . , {tr + 
1) act as independent receivers, in the sense that Receiver {re + 
1) only makes use of the signals observed at antennas 
l,...,re + 1 (and ignores its knowledge about the signals 
observed at other antennas). Receivers {re + 2), . . . ,te only 
make use of the signal observed at their own antennas, and 
Receiver {tr + 1) only makes use of the signals observed at 
antennas tr + 1, ... ,tr + rr + lu The big combined transmitter 

"^Notice that the described assignment of antennas to receivers is only 
one possible assignment that leads to the desired multiplexing gain. Other 
assignments are possible. 



then uses an optimal MIMO broadcast scheme to transmit 
Messages {M^+i, . . . , Mt^.+i} to the independent Receivers 
{re + 1), . . . ,{tr + 1), and hence achieves a muhiplexing gain 
of rank(HK(a)). 

We finally describe the MIMO multi-access scheme for case 
3.). Notice that (0 and dlOll imply that 



U < Ti. 



(33) 



By ( fTOb each transmitter knows at least one of the Messages 
Aff^+i, . . . , Mr^+i, and Receivers {tr + 1), . . . , (r^ + 1) all 
have access to all receiving antennas in the network. In 
our scheme the first t^ + 1 transmitters 1 , . . . , t^ + 1 act 
as a big common transmitter that transmits Message Mt^+i- 
Similarly, the last tf + 1 transmitters ?-£ + 1, • • • ,rg + ti + 1 
act as a big common transmitter that transmits Message 
Mr^+i. Transmitters tr + 2, . . . , r^ act as single transmitters 
that transmit their own messages (and ignore all other mes- 
sages they are cognizant of). Receivers {tr + 1), . . . ,{re + 
1) act as a big common receiver that decodes Messages 
Mr^+i, . ■ . ,Mre +ti + I based on all the antennas in the 
network. Applying an optimal MIMO MAC scheme from 
the multiple transmitters to the single receiver achieves a 
multiplexing gain of rank(HK(a)). 

We conclude that with the above described schemes we can 
achieve a multiplexing gain of rank(Hre(a)) when k ~ ti + 
re + 1, irrespective of the specific values of te, re. 

We now consider the case where k < te + re + 1 and again 
assume that the subnet consists of transmitter/receiver pairs 
1,...,K. In this case we let the transmitters and receivers 
ignore some of their side-information. That means, we choose 
parameters t'^ < te, t[. < tr, r'^ < ri, and r^ < r^ such that 
K = t'g + r'l + 1 = t'r + r'r + 1. Depending on the choice 
of the parameters t^, t^, r^, r'r one of the above three schemes 
achieves a multiplexing gain of rank(H «;(«)). 

We have thus proved the following proposition. 

Proposition 4. The above described scheme achieves a mul- 
tiplexing gain of X3X\k{V\ ^{a)) over every subnet with k, < 
te + re + 1 transmitter/receiver pairs. 

B. Auxiliary Results 

The following auxiliary results will be used in the proofs 
ahead. 

Lemma 3. Let a real number a and a positive integer p 
be given such that dct(Hj,(a)) ~ 0. Then, the following 
statements hold. 

1) The integer p > 2. 

2) The determinants dctHp_i(a), det (Hp_|_i(Q!)), and 
det (Hp+2(Qf)) are all non-zero. Moreover, if p > 2 
(and thus Hp_2(a) is defined) also det(Hp_2(a)) is 
non-zero. 

Proof: See Appendix lAl ■ 

Corollary 4. For every real number a and positive integer p, 
the rank of the matrix Hp(a) is either p or p ~ 1. 



Proof: Follows by noting that Hp-i{a) is a sub-matrix 
of Hp{a) and by Lemma |3] ■ 

C. Scheme Achieving the Lower Bound /« [7]), i.e., in dllb 

Recall that ( fTTT ) holds under the assumption that K <te + 
r£ + l. In this case, we do not silence any transmitter/receiver 
pairs but we apply the scheme in the previous Subsection IV- Al 
directly to the network. By Proposition |4]this scheme achieves 
a multiplexing gain of rank(H/<(a)), which trivially equals K 
if det (Hx(a)) 7^ and by Corollary |4]equals K~l otherwise. 

D. Scheme Achieving the Lower Bound in^, i.e., in (I12l l 
Recall that (fT2l i holds under the assumption that K > {te + 

re + 2) and det {^t,+re+i{a)) ^ 0. We define 

k = K mod {te + ri + 2). (34) 

In our scheme, we switch off every {te -\- re +2) transmit- 
ter/receiver pair, i.e., in total 



K 



transmitter/receiver 



te+rf+2 



subnets 



te+rf:+2^ 

pairs. This decomposes the network into 
with {te + re + 1) transmitter/receiver pairs and possibly a 
smaller last network with k < (tf + r^ + l) transmitter/receiver 
pairs. Thus, in each subnet we can apply the scheme de- 
scribed in Subsection IV-AI By Proposition |4] our scheme 
achieves multiplexing gain rank(Hjj+r^+i(a)) over the first 
subnets and multiplexing gain rank (H^; (a)) over 
smaller network (if it exists). By assumption 
det{Hti+r(+i{a)) ^ and thus mnk{Hti+re+i{a)) = {te + 
re + 1); moreover, by Corollary H] rank {\-\fi{a)) is either equal 
to K or to K— 1. Thus, the scheme achieves at least the desired 



K 

_ti+ri+2 

the last 



multiplexing gain of K 



K 



te+re+2 



1. In fact, whenever 



or dot {Hf^{a)) 7^ 0, then the scheme even achieves a 



K 



multiplexing gain of K - tt-\-rt-\-2} 

E. Scheme Achieving the Lower Bound in \3}, i.e., in ( 113b 

Recall that ( fT3] ) holds under the assumption that K > 
{te + re + 2); that det {Ht^+ri+i{a)) ^ 0; and that 
det(Ht,+^,(a))7^0. 

In our proof we distinguish two cases depending on k as 
defined in ( |34] |: 

1) rank(Hs(a))=K; 

2) rank(H;i(a)) < k. 

In case 1) we use the same scheme as in the previous Sub- 
section IV-DI As described above, this scheme achieves a mul- 

K 



tiplexing gain of rank (H 4^+^^+1(0)) over the first ^ , ^ , ^ 
subnets and a multiplexing gain of rank {Hji{a)) over the last 
smaller network. Since we assumed that dot {Ht^+ri+i{o:)) 7^ 
and that rank (H^ (a)) = k, we conclude that the scheme 



K 



tc+re+2 



over 



achieves the desired multiplexing gain of K — 
the entire network. 

We now treat case 2). Notice that in this case k < te + 
re because we assumed that det {Ht^^ri+i{oi)) 7^ and that 
det(Ht,+^,(a))7^0. 



Let 71 



K 



te+re+2 



, which by assumption is at least 1 . We 



switch off transmitter/receiver pairs {g{te + re + 2)}^;^]^ and 



transmitter/receiver pair 71 {t( + 77 + 2) — 1. This way, the first 
t +^ +2 ~ ^ subnets are of size t£ + ri + 1, the next subnet 
is of size (te + re), and the last is of size k + 1 (where k 
is defined in ([34])). Thus, all the subnets consist of at most 
ti + ?'£ + ! transmitter/receiver pairs, and we can apply the 
scheme in Subsection I V-AI 

Since dct (Htj+rf+i(")) 7^ 0, by Proposition |4] the scheme 
achieves a multiplexing gain of tf + re + I over each of 



the first 



K 



— 1 subnets. Moreover, since we assumed 



te+rc+2_ 

that det (Ht^+nia)) 7^ 0, the scheme achieves a multiplexing 
gain of {te + re) over the next subnet. Finally, since we 
assumed that det{H;i{a)) = by Lemma [3] we obtain that 
det(HK+i(a)) 7^ 0, and thus our scheme achieves a multi- 
plexing gain of K + 1 over the last subnet. We conclude that 
the scheme achieves full multiplexing gain (i.e., multiplexing 
gain equal to the number of transmitter/receiver pairs) in each 
subnet and hence a multiplexing gain of K — 
the entire network. 



K 



te+re+2 



F. Scheme Achieving the Lower Bound in ^, i.e., in ( 1141 ) 

Recall that ( fT4l i holds under the assumptions that K > ti + 

rt + 2 and det (Ht^+^^+i) = 0. 

We switch off every {ti+ r^ + l) transmitter/receiver pair. 



i.e., in total 



K 



te+ri + 



•y {te + ri + 1} transmitter/receiver pair, 
J transmitter/receiver pairs, and apply 



the scheme in Subsection IV-AI over the resulting subnets. 
Following similar lines as in the previous proof, it can be 
shown that all the resulting subnets have full-rank channel 
matrices and thus by Proposition |4] a multiplexing gain of 



K- 



K 



-^ 



is achieved over the entire network. The details 



of the proof are omitted 

VI. Proof OF Proposition!!] 

We first prove the lower bound ]2), followed by the lower 
bounds inO, [TJ, and]!]). 

A. Proof of Lower Bound^, i.e., ( 1161 ) 

If te = 0, then ( fTSI l follows from lower bound (fTTT i. 
Moreover, if te + re < 1, then there is nothing to prove, as the 
multiplexing gain cannot be negative. 

Thus, in the following we assume that te + ri > 2 and 
tg > I, and present a scheme that achieves the lower bound 
in ( fTSt under this assumption. Our scheme is similar to 
the scheme for the asymmetric network described in Sec- 
tion llV-Al — i.e., the scheme achieving the optimal multiplexing 
gain over the asymmetric network — when this latter scheme 
is specialized to tj. ~ r,. ^ 0. (Notice that in particular our 
scheme here disregards the right side-information available at 
the transmitters and the receivers.) However, in contrast to 
the previous scheme for the asymmetric network, here due to 
the two-sided interference pairs of consecutive transmitters are 
silenced and the dirty -paper coding and the successive interfer- 
ence cancellation strategies have to "cancel" two interference 
signals as opposed to only one. 



To simplify the description of our scheme, we define 

h = {tt + re + l) (35) 



72 



K 

J2 



(36) 



Recall that in Proposition 12] we defined K2 — K mod /32 and 

[2, ifK2>2 

^2 = < 1, if «;2 = 1 

[0, if K2 = 0. 

In our scheme, we silence transmitters {ml32 



(37) 



1172-1 



and 



transmitters {ml32}'^^i. Moreover, if ^2 = 1 we also silence 
transmitter (72/32 + 1) and if ^2 = 2 then also transmitters 
(72/^2 + 1) and K. Notice that in total we silence 272 + 6*2 
transmitters. Silencing the chosen subset of transmitters splits 
the network into 72 non-interfering subnets if ^2 = and into 
72 + 1 non-interfering subnets if ^2 > l-lvi both cases, the first 
72 subnets all have the same topology and consist of /32 — 2 
active transmitting antennas and of P2 receiving antennas. In 
fact, the m-th subnet, for tti G {1, . . . , 72}, consists of trans- 
mitting antennas ((m— 1)/32 + 2), . . . , (m/32 — 1) and receiving 
antennas ((m — l)/32 + 1), . . . , m/32. We call these subnets 
generic. If 82 > 1, then there is an additional last smaller 
subnet which consists of max{K2 — 2,0} active transmitting 
antennas and K2 receiving antennas. More precisely, it consists 
of transmitting antennas (A' — K2 + 2), . . . , (A' — 1) (i.e., of 
no transmitting antennas if k < 2) and of receiving antennas 

{K-K2 + l),...,K. 

In our scheme, the transmitters ignore the messages per- 
taining to transmitters that belong to other subnets and the 
receivers ignore the signals observed by receivers in other 
subnets. Thus, we can describe the scheme for each of the 
subnets separately. In the following we describe a scheme 
that achieves a multiplexing gain of /32 — 2 over each of the 
generic subnets. A similar scheme achieves a multiplexing gain 
of niax{K2 — 2, 0} over the last smaller subnet if it exists. 
(For brevity, the description of this latter scheme is omitted.) 
Thus, in each of the subnets we can achieve a multiplexing 
gain that equals the number of non-silenced transmitters. 
Consequently, our overall scheme achieves a multiplexing gain 
of K — 272 — 62 over the entire network, which establishes 
the desired result. 

To simplify the description of our scheme for generic 
subnets, we assume that the first subnet is generic and describe 
the scheme for this first subnet. 

We define the sets 



Ti^{2,...,re 
T2 - {r, + 2, . . 



1} 

,re ^te}. 



(38) 
(39) 



Our scheme depends on the parameter r^ > 0. We first 
describe the scheme for the case where r^ > 1. The case 
r£ = is treated later. 

If re > 1, then we transmit Messages M2, . ■ . , Mrf.+te over 
the subnet. The first messages M2, . . . , M^^+i are transmitted 
as follows. 



• Transmitter k, for k G J^i, uses a Gaussian point-to-point 
code of variance P to encode its message Mk and sends 
the resulting codeword over the channel. 

• Receiver k, for fc G J^i, uses successive interference 
cancellation to decode Messages M2, . ■ ■ , Mk starting 
from the first antenna. In contrast to the interference 
cancellation scheme used in the asymmetric network, here 
each message Mj,, for fc' e {2, . . . , k}, is decoded based 
on antenna (fc' — 1) as opposed to antenna k'. Moreover, 
here in general two interference sequences have to be 
cancelled before a message can be decoded based on an 
interference-free channel. 

For example, if ri > 4, then Receiver 4 decodes its 
desired Message M4 as follows. It first decodes Message 
AI2 based on F" and produces a reconstruction X'2 of the 
input signal X2 . It then subtracts the reconstruction X2 
from the signal Y2 and based on the resulting difference 
it decodes Message A/3. From its guess of A/3 it produces 
a reconstruction X^ of the signal X^ and subtracts the 
sum aX2+-^S from Y3". Finally, based on this difference 
it decodes its desired message A/4. 

• Notice that for each fc e J^i, if the previous decoding 
steps were successful, then Message Mk can be decoded 
based on ctXJ} + N]}_j^. Thus, the scheme achieves rates 
R2 = ... = Rr,+i = kjog{l + a^P). 

Iftf > 2, then Messages A/r<.+2, • • • , A/^f+tf are transmitted 
as follows. 

• For each k G J-2, Receiver k decodes Message A/j. based 
on Receiver (fc — l)'s signal Y^'_^ to which it has access 
because re > 1. As we will see shortly, the receiver 
should apply a dirty-paper decoding rule to decode its 
desired message A/^-. 

• For each k G T2, Transmitter k uses a dirty-paper 
code of power oi^P and rate Rk = \ log(l + o?P) to 
encode its message Mk and mitigate the "interference" 



aXl 



XJ!_-^ experienced at antenna (fc — 1) 



Trans- 
mitter k can compute the "interference" aXJ}_2 + Xj}_^, 
because in our scheme the input sequence XJ!_2 depends 
only on messages A/^j, . . . , A/fe_2 and XJ!_^ depends 



only on messages Mr 



, A/fe_i. These messages are 



known to Transmitter k, because {k ~ ri) < tg for all 

k e J"2. 

Denoting the sequence produced by the dirty-paper en- 
coding by X"^, the transmitter sends the scaled version 
X"^ = —X"^ over the channel. The scaling is performed 
to reverse the scaling by a factor a that is performed by 
the channel. 
• The described scheme achieves rates Rri+2 = • • • = 

Rr,+t, =ilog(l + a2p). 

We now describe the scheme for the case where rg = 0. In 
this case Messages A/i, . . . , Mt,,-! are transmitted over the 
subnet. Notice that when rg = 0, then the set J^i is empty and 
the set J^2 = {2, . . . , if } contains all the active transmitters in 
the subnet. Since we assumed that tg + rg > 2, the set J^2 is 
non-empty. 



Transmitters k G F2 employ the same scheme as described 
in the previous paragraph, except that now, instead of sending 
their own message Mk, they send their left-neighbor's message 
A/fc_i (to which they have access because ti > 1). Re- 
ceivers 1, . . . ,ti — l decode their intended messages based on 
their own antenna using a dirty-paper decoder The described 
scheme achieves rates Ri = ■ ■ ■ = Rti-i = \ log (l + a^P). 

Thus, irrespective of whether ri > 1 or rg ~ 0, the 
described scheme achieves the desired multiplexing gain of 
ti + rg — 1 over the subnet. This concludes the proof. 

Remark 11. The described scheme uses all non-silenced 
transmitting antennas, but only the first {tg-\-rg~\) receiving 
antennas of each subnet. Thus, the last two receiving antennas 
in each subnet are ignored. 

B. Proof of Lower Bound \3^ 

By symmetry, this lower bound follows directly from (IT&t . 
In particular, if t^ > 1 and tr + r^ > 2, a scheme that is 
symmetric to the scheme described in the previous subsec- 
tion IVI-AI achieves the desired multiplexing gain in |3]l . We 
briefly sketch this scheme because we will use it to prove the 
lower bound in [U, ( fTSl l. in Subsection IVI-CI ahead. 

Define 



P'2 = 



I) 



[tr + r. 
K 

K'2—K mod /32, 



/ A 

72 = 



and 



-^^ 



')'2 = 



1, if 4 = 1 
0, if 4 = 0. 



(40) 
(41) 
(42) 

(43) 



We silence transmitters {m/32 + l}m=o ^"'^ transmitters 
{to/32 }m=i- Moreover, if 6*3 = 1 then we also silence transmit- 
ter (72/33 + 1) and if 6*2 = 2 then also transmitters (72^52 + 1) 
and K. This splits the network into 72 generic subnets with 
/32 — 2 active transmitting antennas and /32 receiving antennas, 
and if ^2 ^ {1'2} then there is an additional smaller last 
subnet with maxJKj — 2,0} active transmitting antennas and 
K'2 receiving antennas. 

We describe a scheme achieving multiplexing gain /32 — 2 
over the generic subnets, and omit the scheme that achieves 
multiplexing gain maxJKj — 2,0} over the last smaller subnet 
(if it exists). 

Define the sets F^ and F^ as: 



^3 = {2,...,t.} 

Fi = {tr + l,...,t,- + r,.}. 



If Tr > 1 transmission over the subnet is as follows:. 

• For each k G F3, Transmitter k uses a dirty-paper code 
of power a^P and rate Rk ~ 5 log(l + a^P) to encode 
its message Mk and mitigate the "interference" XJ!^^ + 
aXJ^^2 experienced at antenna (fc + 1). Transmitter k 



can compute the "interference" XJ!^-^ + aX^^j because 
in our scheme the input sequence XJ}^^ depends only 
on messages Mk+2, ■ • • , ^^t^+i and XJ}^^ depends only 
on messages Mk+i, . . . , Mt^+i which are all known to 
Transmitter k. 

Denoting the sequence produced by the dirty-paper en- 
coding by XJ}, the transmitter sends the scaled version 
XH: = —XV: over the channel. 

A: Q A; 

• For each k e 7^3, Receiver k decodes Message Mk based 
on Receiver (fc + l)'s signal Yj^^^ to which it has access 
because r,, > 1. The decoding is performed using dirty- 
paper decoding. 

• For each k E F^, Transmitter k uses a Gaussian point- 
to-point code of variance P to send its message Mk- The 
corresponding Receiver k uses successive interference 
cancellation /rom the right starting with the last receiving 
antenna in the subnet and the last Message sent over 
the subnet. Thus, before decoding its desired message 
Mk each receiver first decodes all messages Mk'>k, 
for k' G J-4, where it decodes Message Mj. based on 
antenna (fc' + 1). Notice that, in general, the receivers 
have to cancel two interference sequences XJ},^^ ^nd 
XJ},_^^l, before they can decode Message Mk' based on 
an interference-free observation aXJ!, + NJ^,^^. 

When Tr = 0, then the set T4 is empty and the set T^ 
contains all the active transmitters in the subnet. In this case, 
each active transmitter k E T^ uses the same scheme as in 
the previous paragraph, except that instead of sending its own 
message Mk, it sends its right-neighbor's message Mk+i (to 
which it has access because t^ > 1 since we assumed that 
tr + r,. > 2). For each k S J^3, Receiver fc + 1 then decodes 
its intended message based on its own antenna using dirty- 
paper decoding. 

It is easily checked that this scheme achieves a multiplexing 
gain of t,. + r^ — 1 over the generic subnet. 

Remark 12. The scheme uses all non-silenced transmitting 
antennas, but only the last {tr -\- r^ — ^) receiving antennas 
in each subnet. Thus, the first two receiving antennas of each 
subnet are ignored. 

C. Proof of Lower Bound\l^, i.e., (I15l l 

lfti + ri = Q or tr + Tr = 0, then the proof follows directly 
from the lower bounds in |2]i or |3). If t^ + i^ + ^£ + ^r < 2, 
there is nothing to prove. 

Thus in the following we assume that t^ + tr + r^ + r,, > 3 
and {ti + r^), [tr + r^) > 1. Define 

/3i ^ {ti + tr + rt+rr) (44) 

'' (45) 



71 



Pi 



and recall that in Proposition |2] we defined ki = K mod /3i 
and 

{2, if Ki > 2 
1, if Ati = 1 (46) 

0, if Ki = 0. 



In our scheme, we silence transmitters {mPi + \}Z\=o ^^d 
transmitters {mjii]1\^^. Moreover, if 6*1 = 1, then we also 
silence transmitter (7i/3i + 1), and if 9i = 2, then also 
transmitters (71 /3i + 1) and K. Thus, in total we silence 
271 + 9i transmitters. This splits the network into 71 or 71 + 1 
non-interfering subnets: the first 71 generic subnets consist 
of (/3i — 2) transmitting antennas and /3i receiving antennas, 
and if there is an additional last subnet then it is smaller and 
consists of maxJKi — 2,0} transmitting antennas and of ki 
receiving antennas. 

We shortly describe a scheme that achieves a multiplexing 
gain of /3i — 2 over a generic subnet. A similar scheme achieves 
multiplexing gain maxJKi — 2, 0} over the last smaller subnet 
if it exists. Thus, the combination of these schemes achieves 
a multiplexing gain of K — 271 — 6*1 over the entire network. 

We assume that the first subnet is generic and describe the 
scheme for this first subnet. To this end, define the groups 



-^1/2 = {2, . . 
-^3/4 - {{ri 



, ri + ti] 
ti + l),.. 



,{ri+tt+tr + rr-l)}. 



Our scheme is a combination of two schemes: a first scheme 
used for communication over the left part of the subnet which 
consists of transmitting antennas k G J-1/2 and receiving 
antennas 1, . . . , (t£ + r^ — 1); and a second scheme used for 
communication over the right part of the subnet which consists 
of transmitting antennas k E ^3/4 and receiving antennas 
{ri + ti + 2), . . . , {ti + r^ + tr + rr). Thus the combined scheme 
utilizes all the transmitting antennas in the subnet but ignores 
the two receiving antennas (if + r^ ) and {ti + rg-\-l). Notice 
that the signals sent at transmitting antennas k E J^i/2 in the 
first scheme do not influence the signals observed at receiving 
antennas (rg -\- tg -\- 2), . . . , {ti -\- r^ + tr + rr) employed in 
the second scheme. Similarly, the signals sent at transmitting 
antennas k E ^3/4 in the second scheme do not influence 
the signals observed at receiving antennas 1, . . . , (t^ + r^ — 1) 
employed in the first scheme. Therefore, the performance of 
the two schemes can be analyzed separately. 

For communication over the left part of the subnet we 
choose the scheme described in Section [VI- Al By Remark (TT] 
this scheme involves transmitting antennas 2, . . . , (i^ + r^) and 
receiving antennas 1, . . . , (if + r^ — 1). For communication 
over the right part of the subnet we choose the scheme 
described Section IVI-BI when the set J^j is replaced by the 
set {(rf + te -\- 1), . . . ,{ti -\- rg -\- tr — 1)} and the set J^4 is 
be replaced by {(r^ + te + tr), . . . , (re + te + tr + ?> — 1)}. 
By Remark [12] this scheme involves transmitting antennas 
{re + te + tr), . . . , (r£ + if + i^ + r^ — 1) and receiving 
antennas (if + r^ + 2), . . . , {te + r^+tr + rr). Thus, as required, 
the combined scheme utilizes all the transmitting antennas in 
the subnet but ignores the receiving antennas (if + rf) and 
(if + ri + 1). 

We conclude this section by analyzing the performance of 
our scheme. As outlined in the previous Subsections IVI-AI 
and IVI-BI the scheme employed over the left part of the 
subnet achieves a multiplexing gain of ti + r^ — 1, and the 



scheme employed over the right part of the subnet achieves a 
muhiplexing gain of tr+Vr — I. Thus, the way we combine the 
two schemes we achieve a multiplexing gain ti+tr+ri+rr — 2 
over the entire subnet. 

D. Proof of Lower Bound^, i.e., (fTTj l 

In our scheme the transmitters ignore their side-information. 
Define 



/33 = {ri + r, + 3) 
K 

W3. 



73 



(47) 
(48) 



and recall that in Proposition |2] we defined K3 = K mod [S^ 
and 

[2, ifK3>2 
03 = < 1, if AC3 = 1 (49) 

[0, ifK3=:0. 

We silence transmitters {mfS^ + 1}J^jZq and transmitters 
{m/S-^y^^i. Moreover, if ^3 := 1, we also silence transmitter 
Psls + 1' ^nd if ^3 = 2, we also silence transmitters P^'^^ + 1 
and K. Notice that in total we have silenced 273 + 6*3 
transmitters. This splits the network into 73 or 73 + 1 non- 
interfering subnets: the first 73 subnets consist of /S^ — 2 active 
transmitting antennas and (S^ receiving antennas (we call these 
subnets generic), and if an additional last subnet exists it is 
smaller and consists of max{K3 — 2, 0} transmitting and K3 
receiving antennas. 

We assume that the first subnet is generic and describe 
a scheme achieving multiplexing gain (3^ ~ 2 over this first 
subnet. A similar scheme achieves a multiplexing gain of 
max{K3 — 2, 0} over the last smaller subnet if it exists. Thus, 
our scheme achieves a multiplexing gain of one for each 
non-silenced transmitter, and the desired multiplexing gain of 
K — 273 — ^3 over the entire network. 

Before describing the scheme, we define the groups 



1} 



Hi = {2,...,r, 

H2 = {re + 2} 

H3 = {re + 3,...,r( 



2}. 



In our scheme we send messages A/2, ■••, Af^f +7-^+2 as 
follows. For each k £ {Hi UH2 U'H3), Transmitter k encodes 
its Message Mk using a Gaussian point-to-point code. For 
each k G Hi, Receiver k decodes its message using successive 
interference cancellation from the left, starting with the first 
antenna in the subnet. These messages are decoded with 
arbitrary small probability of error (for sufficiently large block- 
lengths), whenever 



i?2 



,Rr 



-i<^log(l 



a'P) 



(50) 



Similarly, for each k E T-L^, Receiver k decodes its message 
using successive interference cancellation but now from the 
right and starting with the last antenna in the subnet. These 



messages are decoded with arbitrary small probability of error 
(for sufficiently large block-lengths), whenever 

Rr,+-i, ..., Rr,+r,.+2 < ^ log (l + a^ P) . (51) 

Finally, Receiver rg + 2, which has access to antennas 
2, . . . ,{r£ + Tr + 2), decodes its desired Message Mr^+2 
by decoding all the transmitted messages AI2, ■ . ■ ,Mj.i+r^+2 
using an optimal MIMO decoder ifTSl . In this step, we have 
arbitrary small probability of error, whenever 



rt+rr+2 



Y, R.<\ log (det (I + PH;^+,,,,+iH,,+,^+i)) 



(52) 



where here for ease of notation we wrote V\ri+r,^+i in- 
stead of V\ri,+r,^+i{o)- Notice that since the channel matrix 
Hri+rr+iio) is non-singular and does not depend on the 
power P, by 1(121 : 



lim ^ 



i log (dot (I + PK,+r,^ + l^r,+r,. + l)) 



\ log(P) 

= r<? + r,, + l. 



(53) 



Combining (I50b-(l53]l. we conclude that the described 
scheme can achieve a multiplexing gain of r^ + r^ + 1 over 
the entire subnet. 

VII. Proof of Proposition[3] 

We first proof upper bound [T) (Subsection IVII-At and then 
upper bound O (Subsection IVII-BI ). Upper bound |2]i follows 
from [Til by symmetry and its proof is omitted. 

A. Proof of Upper Bound^, i.e., ( fTST i 

The proof is similar to the proof in Section IIV-BI That 
means, we again introduce a Cognitive MAC Network and 
show that its capacity region C^^,--(A', t^ , i^, ''£, fr', P) satisfies 

C{K,ti,tr,ri,rr;P)CCUciK,ti,tr,n,rr;P), (54) 

and its multiplexing gain Sl/ip^Q{K,ti,tr,ri,rr) satisfies 

SUciK, te, U, n, rr) <K~ 274 - 9^. (55) 

Combining ( |54l i and ( |55] l proves the desired result. 

As in Section IIV-BI the Cognitive MAC Network is defined 
by means of the following three transformations: the original 
network is first enhanced to a Rx-Cooperative Network; the 
Rx-Cooperative Network is then enhanced to a Genie-Aided 
Network; and the latter is finally modified to the Cognitive 
MAC Network. More specifically, the Rx-Cooperative Net- 
work, the Genie-Aided Network, and the Cognitive MAC 
Network can be obtained from the orginal network in the way 
described in Sections lIV-BllflV-BSI if in the description the 
sets A and B are replaced by the sets A' and B' defined in 
Equations ( |56] | and (I6OI 1 ahead; the groups of receivers A and 
B are replaced by the groups A' and B' described after (l60t : 
and the genie-information Vi, . . . , V-y-^ are replaced by the 
genie-information {V[} in dMTl-dMll. 



We first describe our new choices of the sets Al and B' , the 
groups N and B\ and the genie-information {V^}, followed 
by a proof of ( |54] | and dSSl l. 

To simplify our description, we define 

/34 ^ i£ + t, + r<? + r^ + 4, 



A 

74 = 



/34 



K4 = K - 74/34, 

and recall that Q^ equals 1 if K4 > min{tf + r£ + l, tr + 7'r- 
and it equals otherwise. 
We then choose the set A!\ 

74-1 
m=0 

where we define for m E {0, . . . , 74 — 2}: 



1}, 



(56) 



A' 



{(m/34 + ?■£ + 2), . . . , (to/34 + r-f + 1£ + tr + 3)}, (57) 



and if 6*4 = we define 

A'^,-1 = {((74 - l)/34 + r, + 2), . . . , (A' - r, - 1)}, (58) 
whereas if ^4 = 1 we define 



X 



74-1 



{((74 - l)/34 + re + 2),..., (74/34 - ?> + 3)} 



U{(74/34 + r£ + 2),...,A}. 



The set B' is the complement of A': 

B' = {1,...,K}\A'. 



(59) 



(60) 



Group A' is then chosen as the set of receivers k for which 
k € ^', and Group B' as the set of receivers k for which 
k€B'. 

We obtain a remark similar to Remark |9] 

Remark 13. If 64 = 0, then the group of receivers A' jointly 
observes all output sequences except for output sequences 

{>;"/34+i'^(™+i)/34}™=0. >^(74-i)/^4+i' ^^d Y^. If instead 
64 = 1, then it observes all output sequences except for 

ivn Y" 174-1 , T^„ 

l''ml34 + l^'^{m+l)f34Jm=0 """ -"^74/34 + 1- 

Before describing our new choice of the genie-information 
we make the following definitions. Define for every positive 
integer p > 2 and every non-zero number a the matrix Mp{a) 
as the p X p matrix with diagonal elements a, first upper off- 
diagonal elements 1, second upper off-diagonal elements a, 
and all other elements 0. That means, the row-jV- column-jc 
entry of the matrix Mp{a) equals a if jr = jc or jr — jc — '2, it 
equals 1 if j.,- = jc — 1, and it equals otherwise. Let Mp^(a) 
denote the inverse matrix of Mp(a). This inverse always exists 
because dot (M) (a) = a^, which by our assumption a ^ 
is non-zero. As we will see shortly, our main interest lies in the 
inverses M^Yr^+iC*^) ^^'^ ^'u+rr+ii'^)- '^° simplify notation, 
we therefore denote the row-jr colum- jc entry of M™^^^^]^(a) 
by aj^j^ and the row-jV colum- jc entry of M™*_|_^ +i{<^) by 



The genie-information is then chosen as follows. If 64 — 
1, then the genie-information consists of 274 + 1 vectors 
V[,. . . , ^2^^+!, where for i odd and 1 < i < 274 + 1: 



tr+i-r+i 



y'^= Y. "^1J-^(1^;34-J 



te+rt + 1 

+ ^ {aij +aa2,j)N (^ 
and for i even and 2 < i < 274: 

tr + Tr + l 



'-Pi+l+j 



(61) 



tt+re + l 



■i-3 



J2 ««1J-^|/J4 + 1+J- - -^§/34 



(62) 



i=i 



If 64 = 0, then the genie-information consists of 274 vectors 
V[ , . . . , V^274 ' where for i odd and 1 < i < 274 — 1 the genie- 
information V'l is defined by i6T[ : for i even and 2 < i < 
2(74 — 1) it is defined by ( |62] ); and for i ~ 274: 



t,.+r,. + l 



^274^ E ih.,+ab2.,)NK-, 



N 



K- 



(63) 



Remark 14. The genie information {V^} is such that, for 
given encoding functions /i , • . • , /)^ as in ^, (i.e., for 
encoding functions exploiting the cognition at the transmitters) 
all output sequences observed at the receivers in Group B' can 
be reconstructed from the messages {Mk\k^A' intended to the 
receivers in Group A', from the output sequences observed at 
these receivers, and from the genie information. 

Proof: See Appendix iBl ■ 

We now prove our desired results (l54l and (l55i . Inclusion 
(l54l i is proved by the following set of inclusions. Denot- 
ing the capacity region of the Rx-Cooperative Network by 
Cqoo„{K, t£,tr,r£, r,.; P) and the capacity region of the Genie- 
Aided Network by Cq^^^^{K, ti, i,., r^, r,.; P), we have: 

Ci^K, ti, tr, n, Tr] P) C Ccoo^{K, ti, tr, n, Tr] P) 

^ CcsmAK,ti,tr,ri,rr; P) 
<^C'y,^c{KM.tr,n,rr;P); (64) 

where the first two inclusions hold because cooperation among 
receivers and genie-information can only increase capacity; 
and the last inclusion can be proved by following the steps 
in the proof of Lemma [1] (Section lIV-Bl i where the group A 
needs to be replaced by the group A' , and Remark [TOl needs 
to be replaced by Remark [14] 

The proof of Inequality (|55] | is similar to the proof of 
Lemma |2] in Section IIV-BI In fact, following the steps in 
the proof of Lemma |2] but where the set A needs to be 
replaced by A' and the genie-information {Vi, . . . ,V^} 
needs to be replaced by {V'l, . . . , ^^274} if ^4 = and by 



{V'l, . . . ,V'2~^_^^i} if O4 = 1, then similar to ( |26] l we can 
conclude that whenever we have reliable communication: 



P^oo ilog(P) 

This establishes the desired result 



^74 



B. Proof of Upper Bound^, i.e., (O 

The proof is similar to the proofs of the converse to 
Theorem [T] and upper bound ([18). As before, we introduce 
a Cognitive MAC Network and show that its capacity region 
CMhci.K-,ti,tr,ri,rr\P) satisfies: 

C{K,tt,tr,ri,rr;P) '^C^AciK,ti,tr,r(,rr; P), (65) 

and its multiplexing gain S^^Q{K,t(,tr,ri,rr): 



'5MAc(-f'^> ie, U, rt, Tr) <K - 275 - 



(66) 



which combined prove the desired result. 

Again, the Cognitive MAC Network is introduced in three 
steps. The original network is first enhanced to a Rx- 
Cooperative Network, which is then enhanced to a Genie- 
Aided Network, and the latter is finally modified to a Cognitive 
MAC Network. The Rx-Cooperative Network is obtained 
from the original network as described in Section II V-B 1 1 but 
where: the sets A and B need to be replaced by A" and 
B" defined in (iTOl i and dTTl i) ahead; the groups A and B 
need to be replaced by A" and B" described after (ITU : here 
only the receivers in group A" are allowed to cooperate but 
not the receivers in group B" . The Genie- Aided Network 
is obtained from the Rx-Cooperative Network in the way 
described in Section ITV-B2I when A is replaced by A" and the 
genie-information Vi, . . . , V ^^ is replaced by {V"} defined 
in (|73Tl-(|75Tl ahead. The Cognitive MAC Network is finally 
obtained from the Genie- Aided Network in the way described 
in Section IIV-B3I when the sets A and B are replaced by A" 
and B". 

We first describe our choices of the sets A" ^ B" , the groups 
A" and B" , and the genie-information {V"}. We then prove 
our desired results (l65t and (l66t . 

To simplify our description, we define 



Pb~ti + U + re + r,. + 3 

A K 

75= -^ 

K5 = K - /?575 



(67) 
(68) 
(69) 



and recall that 65 equals 1 if K5 > t,. + ^r +2 and otherwise. 
We then define the set A" as: 



A" ^ U <^ 



(70) 



m=0 



where for m = 0: 



A'^^{l,...,U + l}; 



for TO G {1, ... ,75 — 1}: 

^m = {mp5 -te + 1, 



,mP5 



1}; 



and if 65 ^ I: 

K = {(T5/35 'U + l),...,iK- r, - 1)}, 
whereas if ^5 = 1: 

A'^,^{{^5^5-ti + l),...,K}. 

The set B" is the complement of A": 

B" = {1,...,K}\A". (71) 

Group A" is then chosen as the set of receivers k for which 
k e A", and Group B" as the set of receivers k for which 

k e B". 

Remark 15. If 65 = 1, then the union of group- A' receivers 
has access to all the receiving antennas except for antennas 

{(to/35 +U +rr + 2), (to/35 +U +rr + S)}/^'!^ and the 
last antenna K. If 9^ = 0, then it has access to all receiving 
antennas except for antennas {{ml3c, + tr + rr + 2), (m/Ss + 

We next describe our choice of the genie-information. To 
describe this choice, we need the following definitions and 
observations. For jrTJc G {1, . . . , if + r + £ + 1}, denote the 
row-jr column-jc entry of the matrix V\ti+rt+i{ct) by hj^j^. 



Also, choose a set of real numbers {^2 



,Uti+re + l 



} SO that 



te+ri + l 

^^i,ja = X! '^J^^Or.Ja^ Jc G { 1 , • ■ • , if + T^ + l}. (72) 

Such a choice always exists because of the assumption 

dct(Hf^+,r^ + l) =0. 

The genie-information depends on the parameter 6*5. If 9^ ~ 
1, then we choose the genie-information as the set of vectors 
V", . . . , V2' ^2' ^iid if (?5 = then we choose it as the set 
of the vectors V'l, . . . , Vn-v ' where for i odd and 1 < « < 

275 - iS 

tr+Tr + l 

j=2 



tr+Tr + l 

-Nil 



Pi+U+r^ + l-jc 



(73) 



for i even and 1 < i < 275: 



tr+I-r + l 

te+re + 1 



J2 aaij.A^i^ 

3. = i 



l3i+t^+r^+3+]a 



-N, 



-;34+tr+rr+2' 



(74) 



'Recall that a^ 



denotes the row-jr column-j'c entry of the matrix 



M™i ^ +l('^) defined in the previous Subsection IVII-AI and where similarly 
bj^ , jc denotes the row-jV column jc entry of the matrix M™ , ^ +_i_ 1 (cf) also 
defined in Subsection IVII-Al 



and for i ~ 275 + 1: 



tr+rr + l 



^2,,+!= E iab2,j^+bi,,JNK-i-,^'NK. (75) 
We next prove the desired Inclusion (|65t and Inequal- 



ity ( |66] l. We start with Inequality ( |66] l. as it is similar to 
the proof of Lemma |2] (Section lIV-Bb . In fact, replacing in 
the proof of Lemma |2] the set A by A" and the genie- 
information {Vi, . . . , Vj} by {Vi, . . . , ^275} if ^5 =0 and 
by {V'l, . . . , V2^,+i} if O5 = 1, then similar to (l26T l one can 
conclude that whenever we have reliable communication, 

P^oo ^log(P) 



which establishes 

It remains to prove Inclusion (|65] |. Proving Inclusion 
is more involved than proving the similar results (l24l (Sec- 
tion |I^B]i and ( l54l i (previous Subsection I VII-AI ). because the 
way we chose the group A" and the genie-information { V"}, 
it is not possible to reconstruct the outputs observed at the 
group of receivers B" solely from the genie-information, from 
the messages intended to the receivers in group A", and from 
the outputs observed at these receivers. (That means, a remark 
similar to Remarks [TOl and [T4l does not hold.) However, with 
our choice of the group A" and the genie-information {V"} 
we can obtain a dynamic version of Remark[TO](see Remark[T6] 
ahead), which suffices to prove ( l65T l. 

Before, we can state this dynamic version, we need more 
definitions. The idea is that we define groups of receivers 
{B"{i)} so that 

1) the union of these receivers coincides with the group-i?" 
receivers; and 

2) for each i it is possible to reconstruct the outputs at the 
receivers in group B"{i) from the messages intended to 
the receivers in Groups A" , B"{1), . . . , B"{i — 1), from 
the outputs observed at these receivers, and from the 
genie-information. 

We define for each i odd and 1 < i < 275: 



B"{i) 



(^-l) 



Pb+tr^rr^ri + i 



and for each i even and 2 < i < 275: 



1 /35 + t, + 2 , . . . , 



- 1 /J5 + tr + Tr +n+2 



B"{^) 



If 6*5 = 1, then additionally we also define: 



(76) 

(77) 
(78) 

(79) 



Thus, we defined 275 + ^5 sets Bi, . . . ,B2^r^+e5- For each 
i G {1, . . . , 275 + 6*5} we call the receivers k with k E B"{i) 
the group- i?"(j) receivers. 

Notice that B" = US'^^' '^"(O- Thus, our choice of the 
groups {B"{i)} satisfies Property 1) above. By Remark [T6] 



ahead, it also satisfies Property 2). To simpUfy the statement of 
this remark, we define A"{1) = A", and for i € {2, ... , 275 + 
^5}: 



A"ii)^A"u \jB"{i') 



(80) 



and for each i E {1, . . . , 275 + 65} we call the receivers k 
with k E A"{i) the group-y4"(i) receivers. 

Remark 16. For each i e {!,..., 275 + ^5}, it is possi- 
ble to reconstruct all outputs observed by the group-B"{i) 
receivers from the genie-information V, , from the messages 
{Affc}fce^"(i) intended to the group- A" [i) receivers, and from 
the output sequences observed by these receivers. 

Proof: See Appendix ICJ ■ 

We are now ready to prove Inclusion (l65t . Denoting 
the capacity region of the Rx-Cooperative Network by 
Cq [K, if, tr, ri, Tr] P) and the capacity region of the Genie- 
Aided Network by Cq^^^^{K, ti,tr,r£,rr;P), we have: 

C{K,ti,tr,n,rr;P)CC^^^^{K,ti,tr,ri,rr;P) (81) 
^Ci^,,iM,ti,tr,n,rr;P). (82) 

where the two inclusions hold because cooperation among 
receivers and genie-information can only increase capacity. 
The following lemma establishes the desired Inclusion (|65] | 
and concludes the proof. 

Lemma 4. The capacity region of the Genie-Aided Network is 
included in the capacity region of the Cognitive MAC Network: 

CLms{K, ti,tr,ri, r,.; P) C C^pj^iK, te,tr,r(,,rr;P). 

Proof: The proof is similar to the proof of Lemma [T] it 
follows by proving that every coding scheme for the Genie- 
Aided Network can be modified to a coding scheme for the 
Cognitive MAC Network such that whenever the original 
scheme is successful (i.e, all messages are decoded correctly), 
then so is the modified scheme. 

Given a coding scheme for the Genie-Aided Network, 
we propose the following scheme for the Cognitive MAC 
Network. The transmitters of the Cognitive MAC Network 
apply the same encodings as in the original scheme. The 
single receiver in the Cognitive MAC Network, i.e., the 
Group A" receiver, first decodes Messages {Mk}keA as in the 
given original scheme and then applies the following iterative 
procedure to decode the rest of the messages {Mk}keB"- The 
procedure consists of 275 + ^5 iterations. In each iteration 
i e {!,..., 275 + ^5}, the Group A" receiver performs the 
following two steps: 1.) it first attempts to reconstruct the 
outputs observed by the gionp-B'/ receivers; and 2.) thenbased 
on this reconstruction, it decodes messages {Mk}keB'' in the 
same way as the group-B" receivers decoded their messages 
in the original scheme. Notice that in this decoding rule, by 
the definition of the group A"{i), prior to each iteration i the 
Group-A" receiver has decoded the messages intended to the 
receivers in Group- A"(i) and it has attempted to reconstruct 
the output sequences observed by the receivers in group A"{i). 



Thus, by Remark [T6l in the first step of iteration i the Group- 
A" receiver succeeds in reconstructing the outputs observed at 
the antennas of the group-B" receivers whenever all previous 
reconstruction and decoding steps were successful. Thus, we 
can conclude that whenever in the original scheme all the 
messages were decoded correctly, then in our modified scheme 
all the reconstruction and decoding steps were successful. This 
concludes the proof. ■ 
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Appendix A 
Proof of Lemma[3] 

By definition, dct (Hi (a)) = 1. Therefore, the integer p has 
to be at least 2 and Statement 1.) in the lemma follows. 

Statement 2.) can be proved as follows. We define Ho(q;) = 
1 for all a's and note that also Hi (a) = 1, irrespective of a. 
We then have for each positive integer q> 2: 

det (Hqia)) = det (H,_i(a)) - a^ dct (H,_2(a)) . (83) 

Thus, we can conclude that dct(Hp(a)) = implies that 
the two determinants det(Hp_i(a)) and det(Hp_2(a)) are 
either both or both non-zero, and similarly, that the two 
determinants dct (Hp+i(a)) and det {Hp+2{ct)) are either both 
or both non-zero. However, two "consecutive" determinants 
dct(H^(a)) and det(H^+i(a)) can only be if all "previ- 
ous" determinants det (Ho(a)) , • • • , det (Hg_i(a)) are zero, 
which is not the case. Therefore, we conclude that the deter- 
minants det (Hp_2(a)) ,det (Hj,_i(a)) ,det (Hp+i(a)), and 
det(Hp+2(a)) are non-zero, which concludes the proof of 
Statement 2.) 

Appendix B 
Proof of RemarkFTH 

By Remark [T3] it suffices to show that if 64 = 0, then the 

output sequences {>"m/34 + l, y(m+l)/J4}m=0' ^(74-l);34 + l> 

and Yj^ can be reconstructed, and if 6*4 = 1, then the output 
sequences {Y^p^+i^Yf^^-^^^J^Zo and Y^^p^+i can be 
reconstructed. 

Notice first that using the given encod- 
ing functions /i , . . . , /„ the input sequences 

{^m/34+tj!+rf+2, ^m/^4+if+r«+3}7n=0 '^^" ^IC COmpUtcd frOm 

Messages {Mfc}fcg_4/. Moreover, if 6*4 := then additionally 
also the input sequences X^^^_i-^+ri+te+i, ■ ■ • ,^K-r,-i,-i 
can be computed from {Mk}kGA'^ and if ^4 = 1 additionally 
also the input sequences X^^i3^+te+re+2,XK-rr-tr-i can be 
computed from {Mk}keA'- The desired result is then proved 
by showing that each of the desired output sequences can be 
expressed as a linear combination of the genie-information, 
these computable inputs, and the outputs observed by the 
group-A' receivers. 



We first show that the output sequence Yp^ can 
be expressed as a linear combination of the inputs 

^te+rf+2, Xt,+re+3, X p^+te+re+2, X p^+ti+re+3 

(which are computable from {Mk}keA'), the outputs 

Yte+re+3, ■ ■ ■ , '^ Pi-l and Yp^+2, ■ • ■ , y l3i+te+re+2 (which 

are observed by the group-A' receivers), and the genie- 
information V'2. To this end, we notice that by the channel 
law (|9]l the linear systems (|84] | and dSSl l on top of the next 
page hold for every time-instant t E {!,..., n}. Recalling 
that aj^j^ denotes the row-j,, column-jc entry of the inverse 
matrix M'™_|_^^_|_i(a) and that bj^j^ denotes the row-j,. 
column-jc entry of the inverse matrix Mf\r +i(q^)' it is 
easily checked that (|84] | implies: 

tr+r^ + l 

/ ^ b2jYfj^^j — {b2,t^+r^a + b2^t^+r^ + l)Xt),+re+3 

— b2,tr+rr + l(xXti,+re+2 
tr+rr + 1 

= X^,_i+ ^ b2,jNp,_y, (86) 

and 

tr+rr + l 

/ ^ bijYfj^^j — {bi^tr+rrCt + bi^tr+rr + l)^te+re+3 
J = l 

— bl^tr+rr + lOi^ti+re+2 

tr+Tr^ + l 

and that (l85T l implies: 

ti+ri + l 

i=i 

tt+ri + l 

— Xfj_^+i + 2^ aijN p^+i+j. (88) 

Since the genie-information has been chosen so that 

t^+r^ + l 



^/34 + 5Z ^lJ-^/34-J 



(tn+rt + l \ 

Xp,+, + Y. ai.jNfi,+i+j - V'2 (89) 

the desired linear combination representing Y f^^ is easily 
obtained by combining the linear combinations on the left- 
hand sides of Equations ([86]l-(l88Tl with the genie-information 

V'2- 

We next prove that Y p^^i can be expressed as a linear com- 
bination of the inputs Xt,+rt+2, Xt,+rt+3, X f3^+te+re+2, 

Xi3^+ti+r(+3 (which are computable from {MkjkeA'), the 



ytt+re+4,t 
\Yte+re+3,t/ 



= Mt,,+,.^+i(a) 






X 



tt+re+4:,t/ 






aXti+r,+3 






N, 



\Ni 



ti+rt+A.t 
tt+rt+3,t/ 



(84) 



/ 5^/34+2,* 
Yj3i+3,t 



\ 



\Xl3i+tf_+ri,+2,t/ 



'hi+Tt + l 



[a) 



^/34+2,t 
Xl34+tt+re,t 



C^Xp^j^ti+ri+2 
\Xp4+ti,+ri,+2,t + aXf}^^t(+ri,+3,tJ 



Npi+2,t 
Npi+3,t 

Ni34+ti;+re + l,t 
\Np4+te+re+2,t/ 



(85) 



outputs Yte+ri+3, ■ • ■ 7 ^/34-l ^id Yf;^+2, ■ ■ ■ , ^/34+tf+rf+2 

(which are observed by the group- A' receivers), and the 
genie-information V3. To this end, notice that from 
in addition to (l88Tl — it also follows that 



ti+rt + l 



/ , Oij-y/j^ + i+j - a2^f,.+r^ + iaX p^+te+re+3 



'{0'2,tr-+rr + 0'2,tr-+rr + l'^)X P4+te+ri+2 

te+re + 1 



= X 



134+2 



E 



a2,i-^/34+i+i- 



(90) 



Since the genie-information yjj has been chosen so that 

tr+Tr + l 



Y 



P4+1 



Xf- 



E 



bi.jNp,^, 



ti+re + l 
^;34 + l + 22 "lJ-^/34 + l+J 

te+rt + 1 



-V' 



the desired linear combination representing Yp^+i is easily 
obtained by combining the left-hand sides of dSTJ i. dSSl l, and 
(|90] l with the genie-information V3. 

The linear combinations representing the outputs 
{^Tn;34}7n=2' ^'^'^ if ^4 = 1 then also the linear combination 
representing the outputs Y-^^^p^, can be found in a similar way 
as the linear combination representing Yp^. Specifically, the 
linear combination representing Y„if34 can be obtained from 
the equations that result when in (|86]l-(l89]l each vector Xk, 
for k £ {1, . . . , K}, is replaced by Xi;+(^_iyj^, each vector 
Yk by l"fe+(™_i)/34, and each vector Nk by Nk+(m-i)fi4' 
and the genie-information V2' is replaced by V'2m- 

The linear combinations representing the outputs Yi and 
{Y mP4+i}m=2 ' ^^'^ if 6*4 = 1 then also the linear combination 
representing the outputs Y^^p^+i, can be found in a similar 
way as the linear combination representing Yp^+i. Specif- 
ically, the linear combination representing YmP4+i is easily 



obtained from the equations that result when in (|87] i. ( |88t , ( |90l l. 
and (HB the vectors Xk, Yk, and TV^, for fc e {1, . . . , A'}, 
are replaced by the vectors Xk 



N 



k+{m-l)P4,-'^ k+{rn-l)/34 



and 



VL 



fe+(m-l),34 



and the genie-information V'^ is replaced by 



2m+i- Here, when to = all the out-of -range indices should 
be ignored, that means, Xk, Yk, Nk are assumed to be 
deterministically for all fc < 0. 

Finally, if 64 = 0, then the linear combination representing 
Yk can be obtained in a similar way as the linear combi- 
nation representing Yp^. Specifically, it can be obtained by 
combining the equations that result when in Equations ( |86] |, 
(|87] |. and (|89] l the vectors Xk, Yk, and Nk are replaced 
by the vectors Xk-i34,Yk-i34, and N K-134 and the genie- 
information V'2 is replaced by ^2^^. Here again, all out- 
of-range indices should be ingored, i.e., Xk, Y k, Nk are 
assumed to be deterministically for all fc > K. 

Appendix C 
Proof of Remark[T6] 

odd and 1 < 



For each 



the 



group-B^' 



i^/35 +U+Tr 



(91) except for antenna 



receivers 



('- 



i < 
observe 



^/^5 



tf + r, 



275 - 1, 
antennas 

which 



2 ^"5 

~ Pb + U + Vr + 3 are also observed 



by the group- A^*'' receivers. Thus, in this case it suffices to 
prove that the output sequence Y (i-i) „ can be 

reconstructed. 

Similarly, for i even, the group-Sf receivers observe an- 
tennas ((i - 1) /35 + i^ - r£ + 2) , . . . , (I/35 ~U + rr~ l), 
which except for antenna ^^~ ' P^ + t^ + r^ + 2 + 2 are also 
observed by the group-A*^*) receiver Thus, it suffices to show 
that Y (i-i) ,, , ^ , , „ can be reconstructed. 

Finally, if 6*5 = 1, then the group- i32-y5+i receiver observes 
antennas {K — r^ — rr, . . . ,K}, which except for the last 
antenna K are also observed by the group-A'^'^'^^^^ receivers. 
Thus, in this case it suffices to prove that outputs Yk can be 
reconstructed. 

Notice that using the encoding functions /i,...,/„, for 
each i that is odd and satisfies 1 < i < 275 — 1 amongst 



others the inputs X t-i 

computed from the messages {Mk}kt^A(^^ 



&■ 



^1^05+1- and Xi+i 
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can be 



For each i that is 



even and that satisfies 2 < i < 275 amongst others the inputs 
X^^^,X^^^_^i, X^^^, and X^^^^i can be computed 
from messages {Affc};,g_4(i). Finally, if ^5 = 1, then inputs 
XK-tt-r,-2 and XK-te-n-i can be computed. 

The desired result is then proved by showing that for 
each i the missing output sequences observed by the group- 
ie" receivers but not by the group-A*^'^ receivers can be 
expressed as a linear combination of these inputs that can 
be computed from the messages in {AIk}k(£A'.'^^ '^^e output 
sequences observed by the group- A*^') receivers, and the genie- 
information V". 

We first treat the case i = 1 and show that l^t^+r^+s can 
be expressed as a linear combination of the inputs Xi and 
Xp^+i (which are computable from messages {Mk}k£AM^' 
the outputs {Yt^+r^+2+jy^2''^' and {Yt^+r^+i.,}fJ,^^+' 
(which are observed by the group-A^^^ receivers), and the 
genie-information V'l. To this end, we first notice that by the 
channel law (|9]l the linear system ( |92] i on top of the next page 
holds for every time t E {1, . . . ,n}. Recalling the definition 
of the parameters {^2, • • • idt^+re+i} in Section IVII-BI and 
because det{Htg+ri+i{c()) = 0, it is easily seen that ( |92] i 
implies: 

te+rt + l 

Ytr+rr+3 = 2^ dj {Yt,.+r,^+2+j - -^tr+r,.+2+j ) 
i=2 

— adtj+rf + 1^^5 + 1 + a^tr+r-r + 2 + -^tr+r-r+3- 

(93) 

We next notice that by the channel law (|9]l, for every time 
t G {!,..., n}, the linear system in ( |94l i holds, where the 
matrix Mt^+r^+i is defined in Section [VII- Al Recalling that 
bj^j^ denotes the row-jV- column- jc entry of the inverse 



^r 



+r +1(0^)' Equation (l94l i implies: 

tr+rr + l 



For each i odd and 3 < * < 275 — 1 the desired linear 
combination representing Y i^n^^^ ^^ ^3 can be found in a 
similar way as the linear combination representing Yt^+r^+s- 
Specifically, using Equations similar to (|92]|-(|97]| one can 
show that the outputs Y i^^„,^ , ^ ,3 can be expressed as 
the following linear combination: 

ti+re + l 
J=2 

-al3t,+rt+iX^^^^^^ - v'l- (98) 

We next consider the case where i is even and 2 <i < 275, 
and show that in this case the outputs Y ,i_^^aj^^^j^^.^^.2 
can be expressed as a linear combination of the 

outputs {y(^_i)^,+t^+^^+2-i}5=Y''^^ and 

{l'(^_l)^,+t^+r^+3+J}*iY'"^^ and the genie-information 
V". The proof is similar to the proof presented in Appendix IB] 
that means it is derived based on equations that are similar 
to equations (I86b-(l89b. Obviously, ( l84l i remains valid if for 
each k E {!,..., K} the symbols Xk^t, Yk,t, and Nk^t are 
replaced by Xfc+(^_i)^^_(j^_|_^^_^.2)^(, yfc+(±-i)fe-(t,+r,+2).f^ 
and 7Vfc+(^_i)^^_(t^+^^+2),t' and therefore similar to dSD 
and dSTJ i we obtain: 



7 ^ bij^Yt^+rr+2-jc ^ {bl.tr+rr + 1 + Cubi^t^+rr)^! 

io=i 

U+rr + l 
= Xt^+rr+2+ ^ bij^Nt^+rr+2-],- (95) 

Finally, recalling the definition of the genie-information 

tr + Tr + l tr+r^ + l 

Vi= 22 djNt^+r^+2+j + a 2Z ^lje-^tr+rr+2-j, 

(96) 



J=l 



— {b2,tr+rrC( + b2,tr+rr + l)^ {±-l)/3,^ + l 

t^ + Tr + l 

Xt,+r^ + l + Yl ^^d^{i-l)P5 + Ur+rr+2-j (99) 



and 



t^+r^ + 1 



J=2 



jc = l 



and combining (|93T l with ( |95] l yields the desired linear com- 
bination 

Ytr+rr+3 

ti+re + l tr+i-r + l 

= 2^ d'jYt^+r^+2+] +a 2_^ bijYt,+r,+2-], 
J=2 3a = l 

-{bl,tr.+r^ + l + abi,t^+r^)Xi 

-adte+n+iX 13,^+1 - v'l- (97) 



J=l 

tr+r^ + l 

(100) 

Since also dSSl l remains valid if for each fc G {1,...,/-^} 
the symbols X^t, Y^.t, and A^^t are replaced by 

^k+(i^l)l3^-(tt+ri+3),t^ ^fc+(f-l)/S5-(if+rf+3),t' and 



Yt^+rr+iJ 



= H, 



te+re + l 



(a) 



Xfi^-l.t 







\ OLXli^ + l,t j 



fNt„+r,.+3,t\ 






(92) 



lYtr+rr + l,t\ 

Y2,t 

V Y,, j 



H^+Tr + l 



(a) 



I Xt^+rr+2,t\ 
Xt^+rr + l,t 



( \ 



aXx^t 
V ^M ) 






(94) 



Nk+{±-i)p,-(t,+re+3),t' we obtain similarly to 

te+ri + l 

2_^ aij^(|-i)/35+t,-+r,+2+j -ai^t^+r,+ia^(±+i)/3,+i 

(101) 

Now, since the genie-information V" has been chosen so that 
Equality (I102l i holds, the desired linear combination repre- 
senting l^(i_i)^j.^(^+r^^2 is easily obtained by combining 
(l99li-(fT02l). ' 

If 6*5 = 1, then the desired linear combination representing 
Yk can be found in a similar manner as in the previous 
Appendix |B] The details are omitted. 

Appendix D 
Proof of Proposition[T] 

Lemma 5. For an integer p and a real number a, denote 
Up{a) = det(Hp(a)). Then the following holds. 

1) Up{a) is a polynomial in a, Up(0) = 1, and it satisfies 
the following second order recursion: 



^P+2(a) = u.p+i{a) - a^Uj,(a), 



(103) 



with the initial conditions UQ{a) = Ui{a) = 1. We 
denote by Ep the set of roots of Up{a). 
2) For a 7^ 0, define 

A Up{a) 
Then Vp{a) satisfies the second order recursion: 



1 



Vp+2{a) = Vp+i{a) - Vp{a), 



(104) 



with the initial conditions V-i{a) ~ and VQ^a) = 1. 
Moreover, for all p > 1 and i > 0, 



Vi+p-l) Hp 

(-awi_i 



-av, 



,+p) (105) 



where for simplicity we wrote Vi for Vi (a). 

Proof: The determinant of a matrix is a polynomial 
function of the coefficients, and thus Up{a) is a polynomial in 
a. Also, Up{0) ~ dct(Idp) = 1, where Idp denotes the p-by-p 
identity matrix. By expanding the determinant along the first 
line and then along the first column, one gets, 

.\ 

n 

Mp+2(a) = Up+i{a) - adet 



= Up+i{a) - a'^Up{a), 

establishing part 1) of the lemma. 

Since ( 1104b is a direct consequence of (I103I I. and ( 1105b is 
a direct consequence of ( 1104b . we also conclude part 2). ■ 

We give a proof of Proposition [T] for the case where q is 
odd. The case q even goes along the same lines. We define 
7 



/ a 


a ••• 








Hp 




V 







'" -{q~ l)/2 and 






-4. 



The proof follows the same pattern as the proof in Section 
IVII-AI That means, we show that the capacity region of our 
network is included in the capacity region of a Cognitive 
MAC network and then we upper bound the power-offset of 
this Cognitive MAC network. The Cognitive MAC network 
is obtained from the original network in three steps: 1.) all 
receivers in some group A'" are allowed to cooperate; 2.) 
Genie-information {V'-'}^1q is given to the receivers in group 
A'"; and finally 3.) the genie-aided receivers in group A'" are 
required to jointly decode all messages {Mfc}^j whereas the 
rest of the receivers does not have to decode anything. 

We describe the group A'" and the genie-information. We 
define the sets {.4,J(J}^,j^j^ as follows: for 771 = 0, 



-An 



{re + 2,...,L + U + 2}, 



for 1 < TO < 7"' - 1, 

AZ = {ml3'" + n + l,. 



,m(5"' + L + tr + 2}, 



tr + rr + 1 



^(^-l)fe+tr+r,-+2 - " 



^ {i~l)P5+tr+rr + l + Zl ^2,i-/V(|_l)^, 



+t^+r^+2-j 



tr+rr- + l 



ti+re + 1 



V' 



(102) 



and for rn — 7'", 

Ai/i ^ f III QUI 

An = {7 P + ?f 

Moreover, we also define 



,K}. 



6'/' = {r^ + l} and 6^" = {1, . . . , A'} - yl'" U 6^" 
We say that a receiver fc belongs to group A!'" if 



fc e yt'" = U -^' 



ra- 7 



and we say it belongs to group i?"' if fc e S"' and to group 
B'i: if fc € i3^". 

Notice that the receivers of group A!" have access to all the 
receiving antennas except for antennas 

. 1, 

. m^"' - 1 and m/3'", for 1 < m < 7"'. 

We define 

L 



V 



-awL+iXL+i 






which will be part of the genie-information given to the group 
A" receivers. The rest of the genie-information {V"'}j2j 
will be described later Notice that unlike in the proof in 
Section IVll-AI here part of the genie-information depends on 
the transmitted signal Xl+i. However, the signal to noise 
ratio of X^+i with respect to X^^o ''^j-^i+i S^es to like 
(a — o*Y ^s a goes to a*. 

We now show that the capacity region of the original 
network is included in the capacity region of the Cognitive 
MAC network. We first prove that with the outputs observed 
at the receivers belonging to subset A'", with the genie- 
information and with the messages intended for the receivers 
in subset A!" , one can reconstruct the signal received at 
Antenna 1, and therefore, all the outputs observed at the single 
receiver in group B'l' . This follows because from the messages 
{A/fcjfce^ one can reconstruct Xi+2, and because by 



and by ( 1105b . applied to p = L + 1 and i — 0, 

L L 

y^ VjY-i+i = avLXL+2 ~ avL+iXi+i + ^ VjNj+i 
= avLXL+2 + V'o". 

Now, defining the genie-information {Vi}^!-^ as adequate 
linear combinations of the noise sequences at the receiving 
antennas, and following the steps of the proof in Section 
IVll-AI one can construct a deterministic mapping from the 
channel outputs observed at the receivers belonging to groups 
A'" and i?"', the genie-information, and the messages intended 
for the receivers in groups A'" and _B"' to the channel outputs 
observed at the receivers in subgroup B2'. This concludes 
the proof that the capacity region of the original network is 
included in the capacity region of the Cognitive MAC network. 

Let us now bound the sum-capacity of the cognitive MAC 
network: 

= I {{Y^Ua'" ; M^, . . . , Mk\ {VJo<.<2y" 



^ {^ao<.<2y";^^i 



,M 



K 



Yl 



H 



L+l 



/ Xi \ 



\Xl+iJ 



( ^1 \ 



\Nl+i) 



( \ 


\Xl+2) 



Let us deal with each term separately. 



I{{Y,}^^^,„ ■ Ml, ...,Mk\ { Vao<.<2y" ) 

iG.A"' ^ i=0 

< n{K - 27'" - 1)^ log(P) + n/i(P, a), 

where /i is such that lima^Q,, limp^oo fi{P, o) exists and is 
finite. 

Moreover, as can be verified, the genie-information 



{^i}i<i<2Y" is independent of (Fo,Mi, 
Ii{V.},^,^^^,„;M,,...,MK) 



,Mk), and 



I{Vo;Mi 



< n— loa 

- 2 ^ 



,Mk) 
(wo • • • 




= n- log (^P\a- a* l^" 



nf2{P,a), 



(106) 



where /2 is such that linia^Q,-, linip^oo /2(^, a) exists and 
is finite. The last equality follows because for every non-zero 
ao, the limit linia- 



[vo 



VL 



exists, is finite, and 



>ao II y-Kj ^±.j 112 

larger than 0, and because by definition a* is a root of the 
polynomial w£_|_i(a) with multiplicity 2i^. 

Taking co(a) = limp_>.oo (/i(^, a) + /2(^, a)) concludes 
the proof. 
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